Behavioral algebraization of
da Costa’s C-systems

Carlos Caleiro — Ricardo Goncalves

SQIG - Instituto de Telecomunicacdes
Department of Mathematics
IST, TU Lisbon, Portugal

{ccal,rgon} @math.ist.utl.pt

ABSTRACT. It is well-known that da Costa’s C-systems of paraconsistent logic do not admit a
Blok-Pigozzi algebraization. Still, an algebraic flavored semantics for them has been proposed
in the literature, namely using the class of so-called da Costa algebras. However, the precise
connection between these semantic structures and the C-systems was never established at the
light of the theory of algebraizable logics. In this paper we propose to study the C-systems from
an algebraic point of view, and to fill in this gap by using the tools and techniques of the newly
developed behavioral approach to abstract algebraic logic. As a by-product of the approach,
we also rediscover the bivaluation semantics of the logics.
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1. Introduction

The roots of the theory of algebraization of logics can be traced back to the work
of Tarski. He was the first to establish precisely the connection between Boolean al-
gebras and classical propositional logic. His approach built on Lindenbaum’s idea of
viewing the set of formulas of the logic as a free algebra with operations induced by
the connectives. Logical equivalence then becomes a congruence relation on this al-
gebra, that is, an equivalence relation compatible with every operation of the algebra.
Moreover, the quotient algebra obtained by factoring the original algebra of formulas
by logical equivalence is precisely a Boolean algebra. This construction, which be-
came known as the Lindenbaum-Tarski algebraization method, was then successfully
applied to obtain algebraic counterparts for a number of different logics. Nevertheless,
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it was soon realized that this technique is not very general, since logical equivalence
is not always a congruence. The theory of algebraization of logics then evolved in
the direction of finding a general congruence on a logic in such a way that a similar
quotient construction could be obtained. Blok and Pigozzi gave, in (Blok ez al., 1989),
the first precise abstract definition of the notion of algebraizable logic. The general
theory of algebraization of logics, abstract algebraic logic, or simply AAL, from now
on, was then developed having in mind the process by which a class of algebras is
associated with a given logic. Once this connection could be made, there was also
interest in investigating the connection between various metalogical properties of the
logic at hand and algebraic properties of the associated class of algebras. A recent
overview of the area can be found in (Font et al., 2003).

Although the Blok-Pigozzi approach appeared as a generalization of the
Lindenbaum-Tarski construction, the algebraic notion of congruence remained as the
main building block of AAL. So, at the light of the standard tools of AAL, the lack
of a non-trivial congruence in a given logic invalidates the possibility of a mean-
ingful algebraic study of the logic. This is precisely the case of many so-called
non-truth-functional logics and, in particular, of da Costa’s C-systems, a hierarchy
C = {Cy }nemn of logical systems introduced by da Costa in (da Costa, 1963; da Costa,
1974) for reasoning about formal inconsistency. As early as in (da Costa et al., 1964),
da Costa and Guillaume realized that the rule of replacement fails in each of these sys-
tems, due to the properties of the paraconsistent negation. This is the same as to say
that logical equivalence is not a congruence relation in the algebra of formulas. Their
non-Frégean nature hence rules out immediately the possibility of a Lindenbaum-
Tarski algebraization of the logics. At this time, and despite this negative result, the
problem of finding a Blok-Pigozzi algebraization of the C-systems was still open.
Mortensen finally gave a negative answer to this question in (Mortensen, 1980). He
proved that the only congruence compatible with the set of theorems of C; is trivial.
As a consequence, every logic weaker than Cy, which includes every member of the
C,, hierarchy, fails to be algebraizable. In (Lewin ef al., 1991), Lewin, Mikenberg
and Schwarze gave a small and easy proof that C; is not algebraizable using the tech-
niques of AAL. What is very interesting about this state of affairs, is that an algebraic
flavored counterpart for these logics has been proposed and studied in the literature,
as it was soon realized that, although not algebraizable, the C-systems do indeed have
some rich algebraic structure underneath, namely because their positive fragment is
classical. Hence, da Costa himself advanced a proposal in (da Costa, 1966), which
was then generalized by Carnielli and de Alcantara in (Carnielli et al., 1984), and
by Seoane and de Alcantara in (Seoane et al., 1991): the class of so-called da Costa
algebras. This class of algebraic structures was carefully studied and, in particular,
a Stone-like representation theorem was proved, to the effect that every such struc-
ture is isomorphic to a paraconsistent algebra of sets. Still, it was clear that these
algebraic structures could not be seen, in a strict sense, as algebras over the similar-
ity type corresponding to the logical connectives. Other interesting semantics for the
C-systems have also been introduced, namely the bivaluation semantics of (Da Costa



et al., 1977), but the gap has remained open as none of these proposals could ever be
explained by the standard theory of AAL.

However, the work in (Caleiro et al., 2003) motivated a novel behavioral branch
of AAL, as proposed and developed by Caleiro, Gongalves and Martins in (Caleiro
et al., 2009). Intuitively, while AAL is traditionally centered around the notion of
congruence, the behavioral approach to AAL is centered around the weaker notion
of behavioral equivalence. Behavioral equivalence has its roots in computer science,
namely in the field of algebraic specifications with applications to knowledge repre-
sentation, software engineering, and object-oriented programming, where it is often
necessary to reason about data which cannot be directly accessed. In fact, complex
systems constitute a challenge for traditional algebraic methods, since they very of-
ten provide mechanisms to encapsulate internal data. In such situations, it is per-
fectly possible that one cannot distinguish between two different values if these two
values provide exactly the same results for all available ways of observing and ex-
perimenting with them. In this case, we say that the two values are behaviorally
equivalent (Reichel, 1985). Behavioral reasoning in equational logic has been con-
sistently developed, see for instance (Goguen et al., 2000; Rosu, 2004). In technical
terms, the data is split into two categories: visible data which can be directly accessed,
and hidden data that can only be accessed indirectly by analyzing the visible output
of operations on it, suitably called experiments. Since one cannot access the hidden
data, it is not possible to reason directly about the equality of two hidden values.
Hence, unsorted equational logic is replaced by many-sorted behavioral equational
logic (sometimes called hidden equational logic) based on the notion of behavioral
equivalence, given a set of available experiments I'. This restriction induces the notion
of I"-behavioral equivalence, where I is a subset of the set of original operations. It can
be shown that the I'-behavioral equivalence is the largest I'-congruence whose visible
part is the identity relation. Notably, the possibility of having a restricted set of exper-
iments also accommodates the existence of non-congruent operations (Rosu, 2004).
This feature of behavioral logic plays a fundamental role in our development of be-
havioral AAL, since it allows us to cope also with non-truth-functionality. In a nut-
shell, the behavioral approach to AAL introduced in (Caleiro et al., 2009) extends the
standard theory of AAL by simply using many-sorted behavioral logic in the role tra-
ditionally played by (unsorted) equational logic. For the sake of readability, we took
the decision to avoid too many technicalities about behavioral equivalence, whenever
possible, so that they do not interfere with the correct understanding of the key ideas
we want to transmit.

Using behavioral tools and techniques in AAL, it is possible to prove that the
whole hierarchy of da Costa’s C-systems is behaviorally algebraizable, as shown al-
ready in (Caleiro et al., 2009; Gongalves, 2008). Still, the task of studying the (behav-
ioral) algebraization of a logic is not concluded when one manages to prove that the
logic is (behaviorally) algebraizable. It is perhaps even more important to analyze the
consequences of this fact, to study the properties of the algebraic counterpart of the
logic, and to understand, ultimately, how they can contribute to a better understand-
ing of the logic itself. This is precisely the purpose of the present paper. As we will
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show, by studying the algebraic counterpart of da Costa’s C-systems, their connection
with da Costa algebras, as well as with their bivaluation semantics, finally emerges
naturally in this behavioral algebraic setting. The main contribution of the paper is
precisely to reveal this connection[ﬂ For simplicity, we have focused most of our ex-
position on the logic C, but it should be clear that the results transfer smoothly to the
whole hierarchy of C-systems.

The paper is organized as follows. In Section [2| we recall da Costa’s C-systems
and some of their properties, including their bivaluation semantics and the class of
da Costa structures. Special attention is dedicated to recalling why they cannot be
algebraized using the standard tools of AAL. The behavioral algebraization of C; will
be overviewed in Section [3] including the presentation of the algebraic counterpart
for C; in this behavioral setting. Section [ contains the main contributions of the
paper, namely the study of the connection between the behavioral algebraization of
C; and the class of da Costa algebras. As a by-product, also the connection with its
bivaluation semantics is explained. Finally, in Section[5] we draw some conclusions
and point to some topics of further research.

2. The C-systems
Let us start by recalling the hierarchy {C, } nev, and some of its properties. All

the logic systems share a common language, L¢, obtained by applying the primitive
connectives -, A, V, = (respecting the usual arities) to a countable set P of proposi-

tional variables. Given a formula ¢ € L we will sometimes write ¢ (p1, ..., pn) to
emphasize the fact that the variables of ¢ are all among p1, ..., p,. We will also use
£,&1, &2, . .. as metavariables ranging over formulas.

n times

Given ¢ € L, let ¢° 2 —=(p A =), and " £ @m, where the symbol °
appears n > 1 times, as well as (™ £ (o' A ... A ™). Indeed, since the logics
are paraconsistent, formulas like °, " and ¢(™ are typically not theorems, and they
can be used to express consistency within the C-systems.

For each n € IN, a Hilbert-style axiomatization of C,, can be obtained by using
the fixed axioms (i-x)

1. An early version of this work was the subject of a contributed talk at the Fourth World
Congress of Paraconsistency, held in Melbourne, Australia, in July 2008, whose short abstract
appears in (Caleiro et al., 2008a).
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plus the parametric axioms (Xi,,-Xiv,,)

(i) &Y= (6= (-6 = 6))
(xiin) (6 AEM) = (61 A E2)™
(i) (6" AES) = (&1 V &)™)
iva) (6 NEY) = (6= &)™

as well (MP) as the unique rule of inference

& &i=6
(MP) & .

We will denote the resulting consequence relation of each C,, by F,,. In the case
of C1, we will sometimes write also ¢, . It is well-known that F,, D F,, 4, for every

n, which makes the hierarchy of C-systems increasingly weak. It is clear that the
deduction theorem holds for each C,,.

The C-systems are weaker than classical propositional logic (CPL), namely with
respect to the properties of the paraconsistent negation —. Indeed, the C-systems are
paraconsistent, in the sense that a formula and its negation do not necessarily lead to
deductive explosion. That is, in general in each C,,, we have that ¢, = ¢ I, 1. Still,
in C,,, ©(™ can be used to assert the consistency of a formula . Indeed, it is the
case that (™, o, = o F,, 1), that is, deductive explosion reappears in the presence of
consistency, as explained by axiom (xi,,). The parametric axioms (Xii,-Xiv,,) above
explain precisely how this notion of consistency propagates along the other logical
connectives. In these terms, there is a strong connection between the consequence
relation of CPL and those of the C-systems. To explain this, let ® U {40} C Lg,
and V be the set of propositional variables that occur in ® U {¢}. For any n, if we
denote by V(™ the set {p{™ : p € V}, then we have that ® cpp 1 if and only
if ®, V(™ |-, 4. Moreover, one can take advantage of the way consistency can be
expressed to define in each C,, a classical negation connective ~". Indeed, it suffices
to let ~" ¢ £ (™ A —¢). The fact that ~" indeed behaves like a classical negation
is an essential feature of these logics. For example, we have that (¢V ~™ ) and
(~" (oA ~™ )) are both theorems of C,,. Clearly one can also define verum and
falsum by t 2 (p = ) and f* = ~"t, respectively, where ¢ is a fixed but arbitrary
formula of L. For simplicity, in the case of C;, we will simply write ~ and f, instead
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of ~! and f*. In each C,,, as usual, we can also define bi-implication as an abbreviation
eV (=) AW=p).

2.1. Non-algebraizability

We will proceed by giving a flavor of the traditional Blok-Pigozzi theory of al-
gebraization of logics and making some consideration on why the C-systems, being
apparently well-behaved logics, fail to be algebraizable. Despite of their innocent
aspect and the fact that they satisfy a lot of classical properties, each C,, is non-
selfextensional. In general, it may happen that ¢ —+, ¢ but —~¢ -, 1, where
¢ I, ¥ means that both ¢ ,, ¥ and ¥ -, ¢ hold. This phenomenon, known as
the lack of the intersubstitutivity of provable equivalents (IpE), has as an immediate
consequence the fact that logical equivalence is not a congruence of the free algebra
of formulas. This fact cuts short the possibility of a Lindenbaum-Tarski algebraiza-
tion of the logics. Nevertheless, this fact alone does not put aside the possibility of an
algebraization in the lines of the general theory of AAL. This task amounts to find-
ing some nontrivial congruence on the algebra of formulas that takes into account the
consequence relations of the C,,. With respect to this last property, the minimum that
one can impose on any such congruence is that it does not identify theorems with
non-theorems. In this case we say that the congruence is compatible with the set of
theorems. However, this is impossible as was first shown in (Mortensen, 1980), and
then in (Lewin et al., 1991). More than the mere impossibility of a Blok-Pigozzi al-
gebraization of the C-systems, both of these works made clear that the paraconsistent
negation connective — is the responsible for this failure. Mortensen’s proof of this fact
is long and hard, also due to the fact that, at that time, there was no general defini-
tion nor theory of algebraizable logics. However, the proof of Lewin, Mikenberg and
Schwarze is short and enlightening. We briefly recall it below, since its main argument
uses the powerful tools of AAL in a very interesting way. We should make clear that,
in both cases, only the case of C; was analyzed. For the sake of brevity, we shall do
the same here. A straightforward result of AAL shows that, since C; can be seen as
an axiomatic extension of every other C,, with n > 1, the non-algebraizability of the
former implies the non-algebraizability of the latter. It is absolutely straightforward,
in any case, to generalize the arguments used to the whole {C,, },c v hierarchy.

One of the important theorems of Blok and Pigozzi’s seminal paper on AAL (Blok
et al., 1989), is the one that states that if a logic £ is algebraizable and its equivalent
algebraic semantics is the class of algebras K then, for every algebra C of the same
similarity type, the Leibniz operator (¢ (mapping each L-filter of C to the largest
compatible K-congruence of C) is an isomorphism. Note that a K-congruence of
C is simply a congruence of C such that the corresponding reduced algebra is in the
class K. So, in order to show that a given logic is not algebraizable, it suffices to
present an algebra C such that Q¢ is not an isomorphism. In (Lewin ef al., 1991),



the authors proved the non-algebraizability of C; precisely by exhibiting a particular
algebra where the Leibniz operator is not injective, namely

C= <C7tC7fC7 /\C7v07:>07ﬁc>

such that
-C ={0,a,b,1,u};
—tc = 1andfc :0;
—(C, A, V) is alattice as depicted below;

u

a/l\b
\

0

— the operations = ¢ and —¢ are defined by the following tables.
=c |u 1 a b 0 e

v |u uw a b 0 | 1

1 v 1 a b 0 1| 0

a |u 1 1 b b al| b

b u 1 a 1 a bl a

0O |» 1 1 1 1 0] 1

The key feature of C is that it is a simple algebra, that is, it has no non-trivial
congruences. So, we have just the trivial congruences

-A={(x,z):z € C}; and

-V=CxC.

It is easy to verify, also, that the C; -filters of C are
- Dy ={u,1};
- Dy ={u,1,a};

- D3 ={u,1,b}; and
- D4y ={u,1,a,b,0}.

Therefore, it is obvious that {2c cannot be injective. In particular, we have that
Qc(D3) = Qc(Ds) = A.



8 Submitted to the Journal of Applied Non-Classical Logics, July 2008

2.2. da Costa algebras

Before these negative results, there was an effort to set up an algebraic semantics
for C;. In (da Costa, 1966), da Costa proposed a class of structures, that he called C; -
algebras, as a possible algebraic counterpart for C;. Later on, in (Carnielli ez al., 1984),
Carnielli and de Alcantara refined da Costa’s ideas and defined a class of structures
that became known as da Costa algebras. This class of structures was studied in
detail in (Carnielli et al., 1984; Seoane et al., 1991), and namely an important Stone-
like representation theorem was proved about them. Let us recall the definition of
this class of algebraic structures, adapted to the particular case of C;. By a da Costa
algebra we mean a structure

U= <U707 17 SU& /\Ua \/Ua =U, _'U>7

such that 0,1 € U and, for every a, b, ¢ € U, the following conditions hold
— <y € U x U is a quasi-order, that is, it satisfies

Reflexivity: a <y a, and
Transitivity: if a <y band b <y cthen a <y c;
—(aAub)<ua and (aAubd)<uybd;
—-(aAya)~ya and (aVy a)~y a, where a ~y biffa <y band b <y a;
—(aAu (bVu ¢)) ~u ((a Au b) Vu (a Au ©));
—a <y (aVyb)andb <y (a Vy b);
—if a<yc and b<yec then (aVyb)<uyc
—(aAy (a=ud)) <ub;
—(aAuc) <ygbthenc <y (a=ub);
—-0<ygaanda <y 1;
- a° <y (-ua)®, where a° = -y (a Ay —ua);
—(aVy ~wa) ~u 1;
- y(-uz) <u z;
-a® <u ((b=va)=u (b=u ~ua) =u ~ub));
- (a® Au (mua®)) ~u 0;
—(a° Ay b°) <y (a Au b)°;
—(a° Ay b°) <y (aVu b)°;
—(a® Ay b°) <y (a=u b)°.
Expectedly, ® ¢, v iff for every da Costa algebra U and assignment h : P — U
we have that 1/1% ~y 1 whenever @% ~y 1 for every p € ®.

Although there is a strong conceptual connection between C; and da Costa alge-
bras, the negative results discussed in Subsection [2.1] make it impossible to explain
this connection at the light of the traditional theory of AAL. Clearly, the algebraic



structures in this class cannot even be seen as algebras over the similarity type corre-
sponding to the logical connectives of C;.

2.3. Bivaluation semantics

The first major semantical analysis of the logics C,, was developed in (Da Costa et
al., 1977) by da Costa and Alves, where they proposed a non-truth-functional bival-
uation semantics for each logic in the {C,, } ,c v hierarchy. Namely, a bivaluation for
Cy is a function v : Le — {0, 1} that satisfies the following conditions

—v(p1 Apa) =1iff v(pr) = 1and v(ps) = 1;

—v(p1 V) =1iff v(py) = Lorv(ps) =1;

—v(p1=p2) =1iff v(p1) =0o0rv(ps) = 1;

—ifv(p3) = v(p1 = p2) = v(p1 = ~p2) = 1 then v(p1) = 0;
—ifv(pg) = v(p3) = 1 then v((p1 * p2)°) = 1 where x € {A,V,=};
—if v(p) = 0 then v(—yp) = 1;

—if v(=—¢) =1 then v(p) = 1.

As shown in (Da Costa et al., 1977), ® F¢, v iff v(p) = 1 for each ¢ € ® implies
v() = 1, for every C; bivaluation v.

Valuation semantics was advocated in (da Costa et al., 1994) as a very general
kind of semantics. It is indeed very general, and very useful for logics that do not
admit a truth-functional semantics, like C;. Although the bivaluation semantics for
C; appeared much earlier than all the non-algebraizability concerns, it will be useful
for us in the sequel. In any case, it certainly sheds some light on the subtleties of the
logic.

3. Behavioral algebraization

Recall that, when setting-up an algebraic semantics for a truth-functional logic,
we endow it with models that are algebras over the connectives of the logic, and we
evaluate formulas homomorphically. This approach, using truth-functional logical
matrices, does not work when the logic is not truth-functional. A change of paradigm
in (Caleiro et al., 2003), led to proposing an alternative algebraic semantics for C;.
The idea was to associate to C; not a class of algebras over the signature of C;, but
rather a class of algebras over a two-sorted signature of formulas and truth-values,
where the valuation map is an operation between the two sorts. The work presented
here could not be fully systematized in this early setting, namely due to the essential
role played by behavioral reasoning. However, it is only fair to say that it inspired a
novel behavioral approach to AAL, as introduced in (Caleiro et al., 2009), whose main
aim was extending the range of applicability of the usual tools of AAL towards pro-
viding a meaningful algebraic counterpart also to logics that, as C1, include non-truth-
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functional connectives and which are not algebraizable according to the traditional
theory. However, the key idea goes well beyond many-sortedness, as in the behavioral
approach to AAL we substitute the role played by unsorted equational logic (Eqn) by
a suitable many-sorted behavioral equational logic (BEqn). As Eqn, BEqn is a logic
for reasoning about equations. In BEgn, however, equality is only defined relatively
to a prescribed set of possible experiments, as explained above.

For those who might not be familiar with the terminology, the example of first-
order logic can be helpful. There we have the logical language divided in the sort
of terms and the sort of formulas. Function symbols can be viewed as operations
on terms, whereas predicates can be viewed as operations that transform terms into
formulas. The connectives and quantifiers are simply operations on formulas. The
usual interpretation structures can be viewed as algebras over this two-sorted signa-
ture, where we have a set to interpret terms, the domain of interpretation, and a set to
interpret formulas, typically the set {0, 1}. Function symbols are interpreted as func-
tions on the domain, and predicates, usually interpreted as relations, can be interpreted
as functions from the domain to {0, 1}. Connectives and quantifiers bear their usual
interpretations as functions over {0, 1}.

The distinctive feature of BEgn is that the sorts are split in two disjoint sets, of
visible and hidden sorts, and that the operations are also split in two disjoint sets, of
behavioral and non-behavioral (or congruent and non-congruent) operations. The
behavioral operations generate the experiments, which are visible terms with a distin-
guished hidden variable. The experiments can be seen as the only way to access the
hidden data by substituting the distinguished variable of the experiment by the hidden
term to observe. It this way, they generate a behavioral equivalence on each algebra,
by defining two elements to be behaviorally equivalent if and only if they cannot be
distinguished by any experiment evaluated in that algebra. Obviously, the behavioral
equivalence relation is preserved by the behavioral operations in any algebra, but it
may not be preserved by the non-congruent operations in some algebras. An alge-
bra A behaviorally satisfies an equation ¢ = t, if for every assignment h over A,
the value of ¢; is behaviorally equivalent to the value of 5. Hence, we can say that
BEgn is defined as Egn but where usual equational satisfaction is replaced by behav-
ioral satisfaction. We will present these notions rigorously below, when applied to the
particular case of C;.

The precise definition of behaviorally algebraizable logic is very technical and it
is not our objective to get into these technical details here. The interested reader can
find all the details in (Caleiro et al., 2009; Gongalves, 2008). We can say, informally,
that a propositional logic is behaviorally algebraizable if it is equivalent to the behav-
ioral equational theory of a class of two-sorted algebras. To allow for non-congruent
connectives, the sort of formulas must be a hidden sort, so that one is forced to reason
behaviorally about formulas. This can be achieved by considering behavioral logic
over an extended signature.
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In the concrete case of the logic C1, we should consider a two-sorted signature

2C1 = <{¢7 U}a {/\a V, =, ~, T, Ob5}>
where:

— ¢ denotes the sort of formulas of the logic, v denotes the sort of truth-values;

— the connectives have their usual types on sort ¢, and the observation operationE]
generates elements of sort v, as shown below.

PR S V: ¢ — o =: ¢ -9
~: p— ¢ - 9= ¢ obs: ¢—w

Intuitively, we are just extending the propositional signature with a new sort v for
the observations that we can perform on formulas using the unary operation obs. In
any case, the formulas of L¢ can be easily identified with the terms of sort ¢. For
simplicity, we have also included the classical negation ~ as primitive. The choice
of v as the name for the new sort is clear, as it consists of the only visible sort of the
extended signature. As congruent operations we will take all operations on the hidden
sort ¢ except paraconsistent negation, that is,

FC1 = {/\7 V, =, N}

In this way, the experiments are all of the form obs(y), where v =
~v(x,21,...,2,) is a formula built just with the classical connectives of Cy, with a
distinguished variable « (where the experiment takes place), and parametric variables
Z1,...,ZTy. Along with the appropriate congruence conditions on the observations,
this will allow us to study the structure of the resulting (classical) visible values. Note
that one can also observe formulas that include the paraconsistent negation by substi-
tuting them in x. However, we will have no way of relating, for instance, obs(v) and
obs(—)), as obs(—x) is not a valid experiment.

An algebra over X¢, is a tuple A = (Ay, Ay, AA, VA, =A,~A,A,0034),
where A, is a set to interpret formulas, A, a set to interpret the observation of for-
mulas, and the remainder are the interpretations of the operations. As usual, we say
that a 3¢, -algebra A satisfies an equation ¢ ~ 1, which is denoted by A I ¢ ~ 1,
if for every assignment h of values to the variables we have that A, h I ¢ ~ 1), that
is, o = " . Given a class K of 3¢, -algebras and a set © of equations we say that
O Exk ¢ = 1 if for every algebra A € K and for every assignment 4 on A we have
that A, h IF ¢ = 1) whenever A h I 0; = 05 for every 0; ~ 05 € ©. We say that
A satisfies a conditional-equation (g1 =~ ¥ &...& ¢, ~ ¥,) — ¢ =~ 1, which
is denoted by A I (o1 = 1 & ... & p, = ¥,) — © = 1), whenever it holds that

{‘pl%wla”w(pn%wn} ':{A}(Pzw

2. In this paper, in order to guarantee that it would not be confused with the _° notation used
in C1, we named the observation operation obs instead of simply o in the notation of (Caleiro et
al., 2009; Gongalves, 2008).
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To define behavioral satisfaction in an algebra A, we first need to introduce the no-
tion of behavioral equivalence (modulo I'¢, ). We say that a, b € Ay are behaviorally
equivalent in A, denoted by a =4 b, if for every experiment obs(v(x, 21, . . ., Z,,))
and every assignment h to the variables, we have that obs(y(a,z1,...,7,))4 =
obs(y(b,z1,...,7,))%. One can now understand why behavioral equivalence
amounts to indistinguishability by means of experiments.

We say that A behaviorally satisfies an equation ¢ = 1, which we denote by
writing A IIFI'e1 o = 1), if for every assignment h of values to the variables we have
that A, IFTer o a2 4p, thatis, @y =% 1% . Given aclass K of ¥, -algebras and a set

O of equations we say that © )Eﬂl;cl @ = @ if for every algebra A € K and for every
assignment 4 on A we have that A, h lIFT¢1 o ~ 1) whenever A, h lIFF¢1 0 ~ 6, for
every 01 =~ 6 € ©. Analogously, we say that A behaviorally satisfies a conditional-
equation, which is denoted by A lIF'¢1 (p; = 1 & ... & @, &~ ) — @ &~ W,
if {1 = V1 &...&p, = V,} E?f\l} ¢ ~ 1. The reader should contrast these
definitions with the usual ones of satisfaction of a (conditional-)equation given above
at the light of the notion of behavioral equivalence, as the differences will play a key
role in the subsequent development.

3.1. K¢, -algebras

It is not our intention to dwell here on the technical details of the behavioral al-
gebraization of C;. What is important to retain, for our purposes here, is that it was
proved in (Caleiro et al., 2009) that C; is behaviorally algebraizable and therefore a
class K¢, of two-sorted X¢, -algebras can be canonically associated to it. In the re-
mainder of this section we will present K¢, and explore some of its properties. Further
details can be found in (Gongalves, 2008). The essential idea underlying the defini-
tion of K¢, is the fact that the bi-implication of the logic does not define a congruence
over the whole language, but it internalizes precisely the I'c, -behavioral equivalence.
The class K¢, consists of all the ¢, -algebras A, with obsa a surjective function, that
behaviorally satisfy the following hidden equations

)&= (L= &) =t
2)(&1=8)=> (L= (L=86)= (6 =) =t
B) (G NE)=birt;
@) (& N&) =& rt;
S &= (La= (§1 N &) = t;
6) & = (&1V &) ~t;
(N &= (&1 VE) ~t;
®) (1= &)= (2= &)= (61 V&)= &)) = t;
9) & V& =t
(10) ==& = & =~ t;



(D &= (G = (&G =E&)~t;

(12) (TN &) = (G N &2)° ~ t

(13) (T NE) = (V&) ~

(14) (TN &) = (L= &)° ~ t,
and behaviorally satisfy, also, the following hidden conditional-equations

15 (G ~t & &=hrt) - Lt

(16) (51 =Lt & =6 ’Rjt) — & ~ &,
and further satisfy the following visible conditional-equations

(17) (obs(&1) ~ 0bs(£3)) — obs(~ &1) = obs(~ &3);

(18) (0bs(&1) = obs(&2) & obs(€3) ~ 0bs(£4)) — 0bs(&1 V &3) = 0bs(&a V &4);

(19) (obs(&1) = obs(&2) & 0bs(&3) ~ 0bs(€4)) — 0bs(§1 A &3) ~ 0bs(Ea A &a);

(20) (0bs(&1) =~ obs(&2) & obs(&s) ~ obs(§a)) — 0bs(&1 = &£3) = obs(§2 = &4).

Note that the way such a characterization of K¢, could be constructed from the

axiomatization of Cy, and vice-versa, is the result of applying to C; a general result of
AAL, which extends to the behavioral setting as shown in (Caleiro et al., 2009). The
axioms (i-xiv) of C; directly give rise to conditions (1-14), and the (MP) rule gives
rise to condition (15). The hidden conditional-equation (16) forces bi-implication
< to be interpreted as behavioral equivalence in every member of K¢,. The visible

equations (17-20) express the fact that the observation operation obs is well-behaved
with respect to the congruent operations, that is, the classical connectives.

= (
= (

The following proposition states a fundamental property of the class K¢,, stem-
ming from the fact that it constitutes a behavioral algebraic semantics for C;.

Proposition 1. Let ® U {¢} C Le¢,. Then the following conditions are equivalent:

— (I) l—cl ’(/J,'
~{p~t:ped} }5111;2 Y~ t; and
—{obs(p) = T : p € @} ., 0bs(y) =~ T.

We will briefly sketch the proof of this proposition. Additional details can be found
in (Caleiro et al., 2009; Gongalves, 2008).

The equivalence between the first two conditions is a completeness result that
closely relates the entailment of C; with the behavioral equational consequence as-
sociated with K¢, , as a consequence of the internalization of behavioral equivalence
using the bi-implication <, at the light of condition (16). The fact that if ® ¢, ¥
then {p ~ t: p € D} EHE{ZII 1 &~ t is a direct consequence of the definition of K¢, ,
namely of the fact that conditions (1-14) algebraically mirror all the axioms of C;, and
condition (15) algebraically mirrors the only rule of C;. For the converse implication
it is useful to take advantage of the completeness of C; with respect to its bivaluation
semantics. Indeed, every bivaluation for Cy, as defined in subsection[2.3] has a repre-
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sentative algebra in K¢, . More precisely, given a bivaluation v for C; we can consider
the algebra A, that coincides with the free algebra of formulas when restricted to
the sort ¢, whose carrier of sort v is the set {0, 1}, and such that the operation obs
is interpreted precisely as v. It is straightforward to check that A, € K¢, for every
bivaluation v for C;.

The equivalence between the last two conditions is an important result since it
transforms behavioral reasoning over formulas into equational reasoning over the ob-
servation of formulas. This equivalence is a direct consequence of the construction
of K¢, , namely with respect to the conditions (17-20). Recall that, roughly speaking,
two elements are behaviorally equivalent if they cannot be distinguished by any ex-
periment. The valid experiments are all of the form obs(y(z,z1,...,x,)) where v
is a formula build up with operations from I'c, . Hence, given that conditions (17-20)
of the definition of K¢, guarantee that the operation obs is compatible with every el-
ement of I'¢,, for proving that two elements are behaviorally equivalent it suffices to
check whether the operation obs applied to both gives the same result.

As a particular case of the above proposition we have that ¢, ¢ iff )EHF(‘;ll prt
iff Fx., obs(p) = T.

Recall that we have not included in the signature ¢, any operations on sort v.
Nevertheless, it is interesting to note that given the set I'c, of congruent operations,
we can define by abbreviation some natural operations on the visible sort v. Namely,

— constant T = 0bs(t);

— constant | = obs(f);

— binary meets obs(x) M obs(y) = obs(z Ay);

— binary joins obs(x) Ll obs(y) = obs(z V y);

— an implication obs(z) 1 obs(y) = obs(x = y);

— a bi-implication obs(x) = obs(y) £ obs(z < y); and

— a unary complement —obs(z) £ obs(~ ).

Since obsa is required to be surjective, we have that A, = {obsa(a) : a € A4},
for every A € Kc,. This means that every value in A, can be obtained as the obser-
vation of some formula (element of Ag). This fact, together with the conditional-
equations (17-20), gives us the guarantee that the interpretation of these opera-
tions is well-defined in every algebra A € K¢,. Namely, given A € K¢, and
ai,as,bi,by € Ay, if obsa(a1) = obsa(az) and obsa (b1) = obsa (bz) then also
obsa(a1) Ma obsa(by) = obsa(az) Ma obsa(be). Along this path, we can further
unveil the intimate connection between C; and CPL. This is a very important and
useful result due to the strong and well-studied properties of Boolean algebras.
Proposition 2. [fA € K¢, then A, = (A, Ta, La,Ma,Ua, JA, —a) is a Boolean
algebra.

Finally, the next result states that C; is indeed behaviorally algebraizable.
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Theorem 3. The logic C; is I'c, -behaviorally algebraizable, with behaviorally equiv-

alent algebraic semantics the class of K¢, -algebras, with defining equation § ~ t and
equivalence formula &, < &s.

We did not present the general definition of behaviorally algebraizable logic, but
we can hint at what it means in this particular case along with sketching the proof of
this theorem. As it turns out, the result amounts to showing the following properties:

. r
@) @ be, ¢ iff {ga%t:gae@}EKzllwzt;

) {pi i i € IYES @r b iff {pieiii € I} he, 9
© & e, (E=t);
Da~edud Geh)~t

We have intendedly presented the four conditions above to show the inherent
symmetry of the definition, but it should be noted that they are not independent
of each other. In fact, a smaller set of necessary and sufficient conditions can be
presented. Namely, as in standard AAL, conditions (a) and (d) are jointly equiv-
alent to conditions (b) and (c). Note that (a) corresponds precisely to the equiva-
lence between the first two conditions of Proposition [I] Using an argument sim-
ilar to that of Proposition [I] it can be shown that proving condition (d) is equiv-
alent to checking that obs(§1) ~ o0bs(§2) Fr., obs(§1) = obs(§2) =~ T and
0bs(&1) = obs(&2) = T k., 0bs(§1) ~ 0bs(§2), and both conditions follow from
the fact that A, is a Boolean algebra, for every A € K¢,. Again, details can be
found in (Caleiro et al., 2009; Gongalves, 2008).

3.2. Lewin, Mikenberg and Schwarze’s argument no longer applies

Our aim is now to reanalyze the proof of standard non-algebraizability of C; dis-
cussed above, but now at the light of its behavioral algebraization. We want to ex-
plain why the argument used in the proof in (Lewin et al., 1991) no longer applies
in the behavioral setting. The general result of AAL used in Lewin, Mikenberg and
Schwarze’s proof has a corresponding behavioral version, as shown in (Caleiro et
al., 2009; Gongalves, 2008). Namely, it states that if a logic £ is I'-behaviorally alge-
braizable and its behaviorally equivalent algebraic semantics is the class of algebras K
then, for every algebra C, the behavioral Leibniz operator {25, (mapping each £-filter
of C to the largest compatible K-I'-congruence of C) is an isomorphism. Note now,
that a K-I"-congruence of C is a I"-congruence such that the corresponding two-sorted
reduced algebra is in K. The two-sorted reduced algebra is a technical artifact that al-
lows one to simulate a quotient of the algebra using a I'-congruence, which in general
is not really a congruence. We shall not go into the fine details of these notions here,
but we give an hint at the related constructions below.

Let C be the algebra used in the proof of (Lewin et al., 1991), that we recall from
Subsection As we have seen, there are four C;-filters of C, namely D;, D5, D3,
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and Dy. Although C only has the trivial congruences A and V, it does have non-trivial
I'c, -congruences (where, of course, the paraconsistent negation — is disregarded). In
fact, it is easy to see that if we restrict the operations of the algebra C to the elements
{a,b,0,1} we get a Boolean algebra. It suffices to use the abbreviation of classical
negation, in order to obtain the interpretation shown in the table below.

~C

S o Q »—:‘
—_Q >~ O O

Therefore, C has four distinct K¢, -I'¢, -congruences, whose corresponding sets of
equivalence classes are

-0, = {{ua 1}’ {a}v {b}v {0}};
-6y = {{u,1,a},{b,0}};

- 03 = {{u,1,b},{a,0}}; and
- 04 = {{u,1,a,b,0}}.

It is easy to verify that the I'¢, -behavioral Leibniz operator over C is such that
Ql(;cl (D;) =0, fori =1,...,4. Therefore, QECI is an isomorphism.

In order to shed some light on the construction of the corresponding two-sorted
algebras, let us consider the I'¢, -congruence 6;. Then, the two-sorted reduced algebra
A will have Ay structured as C, A, structured according to the four-valued Boolean
lattice below, and obsa will map each element to its equivalence class.

{u, 1}

{a} / \ {0}
N 7

Similar constructions apply to the remaining cases, with corresponding two-valued
(for 2 and 03) and single-valued (for 64) Boolean lattices as visible domains.
4. Revisiting da Costa algebras

The main gist of our work is to draw a connection between da Costa algebras and
C; at the light of the behavioral theory of AAL. Since we already have all the necessary
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ingredients, in this section, we will focus our attention on understanding the precise
connection between the class of da Costa algebras and the class K¢, of two-sorted
algebras, the I'¢, -behavioral algebraic counterpart of the logic. The idea is to show
that, up to isomorphism, there is a one-to-one correspondence between the two.

First of all, given an algebra A € K¢, , let us see how we can obtain a da Costa
algebra Upa. Let A = (Ay, Ay, AA, VA, =A,~A,A,0bsa) and consider the alge-
braic structure

Ua = (4p,fa.ta, <a,Aa, VA, =a,7A),

obtained from A by letting
—a<abiff (a=ab) =% ta.
We can prove that this construction indeed returns a da Costa algebra.

Proposition 4. Given A € K¢,, U, is a da Costa algebra.

Proof. Recall that we can consider a binary relation ~a on A, defined by a ~a b
if a <A band b <A a. Let us first of all prove that ~a coincides with behavioral
equivalence =4'. The fact that ~4 is included in =5' follows from the fact that A
behaviorally satisfies the conditional-equation (16) of the definition of K¢, . To prove
the reverse inclusion suppose that a Eil b. Since Eil is a I'¢, -congruence relation
and = € T, we have that (a=4 b) =4 (a=a a) = ta. Therefore we can conclude
that a < b. In the same way we can conclude that b <A a and so a ~4 b.

To see that Uy is a da Costa algebra we just have to prove that it satisfies all
the conditions on the definition of a da Costa algebra. This is precisely the point
where behavioral reasoning comes into play. Verifying that U A satisfies a condition
of the form a <a b is, by definition, the same as proving that in A we have that
(a =ab) ECAl ta. Now, using Proposition it can be easily proved that U 4 satisfies
the conditions in the definition of a da Costa algebra, since they all amount to well-
known properties of the consequence relation ¢, . O

Now, given a da Costa algebra U, let us see how we can obtain from it an alge-
bra Ay € K¢,. Let U = (U,0,1, <y, Au, Vu, =u, "u) be a da Costa algebra.
Consider now the two-sorted algebra

AU = <A¢’ AU7 /\Ua \/Uv =U,~U, U, Ob$U>

obtained from U by letting
-Ay=U;
- Ay =Ujny = {la]zy :a € U}, where b ~y ¢ if b <y cand ¢ <y b;
—obsu(a) = [a]~ys
— ~1s be derived using the abbreviation of classical negation.



18 Submitted to the Journal of Applied Non-Classical Logics, July 2008

Before we prove that Ay is an algebra in K¢,, a few remarks are due. To start
with, note that in a da Costa algebra U the equivalence relation ~y; is in general not
a congruence, namely with respect to the paraconsistent negation —. Hence, the usual
quotient construction cannot be done directly because the non-congruent operation
would not be well-defined on the quotient set U~ ;. Using our two-sorted behavioral
approach we can, nevertheless, simulate the quotient construction. This is the idea of
the construction used to obtain Ay from U. Moreover, it is an easy exercise to prove
that ~¢; is an equivalence relation compatible with the classical connectives. This
observation implies that we can prove the following result.

Lemma 5. Given an equation p ~ 1) and an assignment h, then
Ay, hlFre o= iff Ay, hl- obs(p) = obs()).

Proof. The fact that Ay, h lIFT'e1 ¢ = 1) implies Ay, h IF obs(p) ~ obs(1)) is
obvious since obs(x) is an experiment. On the other direction assume that Ay, h |-
obs(p) ~ obs(1). Note that, since ~y is compatible with the classical connectives,
we have that v(h(¢p),c1,...,¢n) ~u y(h(¥),c1,...,cy,) for every  build up with

classical connectives and every ci,...,c, € Ay and thus, by definition of obsy, we
have that obsy (Y(h(), c1,...,¢n)) = obsu(y(h(¥),c1, ..., cpn)). This fact imme-
diately implies, by definition of behavioral equivalence, A, h lIF'¢1 ¢ = ). O

We will now show that Ay € K, .

Proposition 6. Given a da Costa algebra U, Ay € K, .

Proof. First of all note that obsy is surjective by construction. So, we are left to prove
that A behaviorally satisfies all the equations and conditional-equations (1-16), and
satisfies the conditional-equations (17-20) in the definition of K¢,. Using LemmaE]
and the definition of Ay it is not hard to conclude that, given an equation ¢ =~ 1) and
an assignment h, we have that Ay, h IFTer o ~ 1 iff ¥ ~y . Moreover, in
every da Costa algebra U, we have that (a=-yb) ~y 1is equivalent to having a <y b.
Using these observations, verifying that Ay behaviorally satisfies (1-16) amounts
to checking well-known properties of every da Costa algebra. Almost all of these
properties are proved, for example, in Proposition 1 of (Carnielli et al., 1984). The
fact that Ay satisfies (17-20) is an immediate consequence of the already mentioned
fact that ~y; is compatible with the classical connectives. O

We now prove that these two constructions are inverse of each other, up to isomor-
phism.
Theorem 7. Let U be a da Costa algebra, and A € K¢,. Then, we have that

—Ua, =U; and

— Ay, is isomorphic to A.
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Proof. Letus see that U, and U are in fact equal. Recall that given U = (U, 0,1, <
,\u, Vu,=u, ~u) and applying the construction we obtain Ua,, = (U,0,1,<a,
,A\u, Vu,=u, “u)- So, all that remains to prove is that <g and <4, coincide. For
the purpose, observe that given a, b € U we have the following sequence of equivalent
statements: a <a, b iff (a =4, D) ECA1U ta, iff obsy(a =y b) = obsy(ty) iff
[a=u b~y = [~y iff (a =0 d) ~y Liffa <y b.

Let us now see that Ay, and A are isomorphic. Recall that given A =
(Ag, Ay, Aa,Va,=a,~a,a,0bsa) and applying the constructions we obtain
AUA = <A¢, (A¢)/2UA y2AALVA, = A, ~UAs A ObSAUA > Clearly, by definition,
~u,=~Aa. Recall also that ~y;, coincides with behavioral equivalence E%. So,
all we have to prove is that (A¢) /= is isomorphic to A,, and that both obsa and

obs Ay, respect this isomorphism, in the sense that, if 7 : (A4,) =6 = A, is the
—A
isomorphism and a € A, then we have that w(0bsay, (a)) = obsa(a).

Consider the function 7 : (A4,) P A, such that [a]Eil s obs (a). Note that
m is well-defined, in that it does not depend on any particular choice of representatives
of the equivalence classes. Indeed, if a,b € Ay are such that a EcAl b then, by
Lemma |5, we have that obsa (a) = obsa (b). Let us now prove that 7 is indeed a
bijection. For proving injectivity, let a,b € Ay such that ﬂ'([a]Eil) = ﬂ([b}zil ). In
that case, we have that obsa (a) = obsa (b) and, again by Lemmal3] we can conclude
that CLECAI b. The surjectivity of 7 follows immediately from the fact that obsa is
surjective.

To conclude, we just have to check that w(0bsa, , (a)) = obsa (a). This is imme-
diate, since obsay,, (a) = [a]~y, = [al_c;. O
—A

4.1. More on valuation semantics

Having come so far, we must also point at how the bivaluation semantics
of (Da Costa et al., 1977) appears naturally in the behavioral context, as a by-
product of the behaviorally equivalent algebraic semantics of C;, similarly to what
was achieved in (Caleiro ef al., 2003). Still, the result has a deeper meaning here as
it can be argued, along the lines of (da Costa et al., 1994), that algebraic valuations
are the best behavioral counterpart of logical matrices. A deeper discussion of this
topic can be found in (Caleiro et al., 2008b; Gongalves, 2008). In any case, let us
see how to obtain the bivaluation semantics for C; directly from the class of algebras
K¢, . This fact also reinforces the idea that the behavioral algebraic approach really
captures in an accurate way all the semantical aspects of C;, and can therefore be seen
as an unifying theory. The idea is very simple, the C; bivaluations correspond exactly
to the observation maps in K¢, algebras, given that their visible domain is always a
Boolean algebra.
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Let A = (A4, A,,Aa,Va,=a,~a,a,0bsa) be a K¢, algebra, and recall
from Proposition[2|that A, = (A,, Ta, La,Ma,Ua, Ja, —a) is a Boolean algebra.
We will now make use of the well-known result that every Boolean algebra is isomor-
phic to a subdirect power of the two element Boolean algebra 2 (Birkhoff, 1967; Burris
et al., 1981). For our purposes, it suffices to know that this implies the existence of a
set I and an injective homomorphism o : A, — 27, called a subdirect embedding,
such that for each ¢ € I, we have that «; : A,, — 2 is surjective.

Clearly, we can view both Lc and A, as the domains of algebras, L¢ and Ag
respectively, over the connectives of C;. L¢ is simply the free algebra generated from
the propositional variables, whereas A, is the restriction of A to the sort ¢. We now
consider the following set of functions

Va ={va,in=a;00bspaoh| i€ Iandh:Lc— Ay isan homomorphism}.

Note that for every ¢ € I and every homomorphism A : L¢ — Ay, we have that
va.ip is a function from L¢ to the domain of 2, say {0,1}. We can collect all the
functions of this form in the set V = Acke, VA-

Theorem 8. V is precisely the set of all C1 bivaluations.

Proof. First, it can be easily checked that every element of V' is a bivaluation for C;.
Then, we have to prove that every bivaluation for C; is indeed in V, that is, it can be
obtained from some algebra in K¢,. To see this, let v be a bivaluation for C;, and
consider the two-sorted algebra

A-l/ = <AV,¢7 AI/,U? ANV, =~ 7, ObSAU>

such that A, 4 = L¢, Ay, = {0,1} and obsa, = v. It is laborious but straightfor-
ward to verify that A, is in fact an algebra in K¢,. In this case, A, , is already a
(trivial) subdirect product of 2. Hence, it must be the case that I = {4} is a singleton,
and the homomorphism « is the identity. Taking the homomorphism ~ : Le — A, 4
also as the identity, it becomes clear that va , ; 5, = v. ]

5. Concluding remarks

In (Caleiro et al., 2009) the authors developed a behavioral generalization of the
tools and techniques of abstract algebraic logic in order to extend its scope of applica-
bility, namely to study logics that include non-truth-functional connectives and which
are not algebraizable according to the standard approach. In this paper we have used
this behavioral approach to study da Costa’s C-systems from an algebraic perspec-
tive. In particular, we were able to explain the precise connection between da Costa
algebras and C;. As a by-product we were also able to rediscover the usual bivalua-
tion semantics for C;. Our results are encouraging in that they put an end to the idea
that logics like da Costa’s C-systems which are not algebraizable in the traditional
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sense cannot have a meaningful algebraic counterpart, in a very precise sense. Using
our approach, we have given a definitive algebraic justification to the usual view that
the C-systems can be understood as being built over a classical Boolean base, then
enriched with an extra operator, the paraconsistent negation.

Some work has been devoted in the literature to prove a Stone-like representation
result for da Costa algebras (Carnielli et al., 1984; Seoane et al., 1991). We want to
make clear, here, that such results are better understood in the behavioral setting we
have proposed, as a direct application of the usual Stone representation of Boolean
algebras and of our translations between da Costa and K¢, algebras, as hidden in the
arguments used in the proofs of Theorem 4 in (Carnielli ef al., 1984) and of Theorem
7 in (Seoane et al., 1991).

The paper raises several interesting questions. One such question is the connection
between our approach and other semantics for the C-systems proposed in the literature,
namely possible translation semantics (Carnielli, 2000) and non-deterministic matri-
ces (Avron, 2005). In particular, it would be interesting to study the connection with a
generalization of the notion of algebraizable logic in the realm of possible translation
semantics introduced in (Bueno-Soler et al., 2005). Another path of future work is the
development of the work started in (Caleiro et al., 2008b) on an algebraic perspective
of valuation semantics. This seems a promising generalization of matrix semantics
that is able to deal with non-truth-functionality in an algebraic way. Since our con-
struction can clearly be generalized to other non-truth-functional logics, it would be
very interesting to study other examples to which an algebraic counterpart in the spirit
of da Costa algebras could be obtained.
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