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Abstract. Logical matrices are widely accepted as the semantic stresthat most naturally fit
the traditional approach to algebraic logic. The behaViapproach to the algebraization of log-
ics extends the applicability of the traditional methodslgfebraic logic to a wider range of logical
systems, possibly encompassing many-sorted language®artduth-functional phenomena. How-
ever, as one needs to work with behavioral congruencesixsatnantics are unsuited to the behav-
ioral setting. In [5], a promising version of algebraic \ation semantics was proposed in order to
fill in this gap. Herein, we define the class of valuations gtaiuld be canonically associated to a
logic, and we show, by means of new meaningful bridge redutiw it is related to the behaviorally
equivalent algebraic semantics of a behaviorally algebide logic.
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1. Introduction

The behavioral approach to the algebraization of logicsimtasduced in [7] with the aim of extending
the range of applicability of the traditional tools of algeic logic to logics with a many-sorted syntax,
or including non-truth-functional connectives, and whiak not algebraizable with the usual approach.
The key idea underlying the behavioral approach to algebogic is to shift one’s attention from the
notion of congruence that is central to the traditional latg&ation process, to the weaker notion of
behavioral equivalence. Behavioral equivalence has d@sria computer science, namely in the field of
algebraic specifications of data-types, where it is ofteressary to reason about data which cannot be
directly accessed [17]. In such a situation, it is perfeptigsible that one cannot distinguish between two
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different values if those values provide exactly the samsalte for all available ways of observing and

experimenting with them. Hence, unsorted equational legieplaced by many-sorted behavioral equa-
tional logic (sometimes called hidden equational logicddzhon the notion of behavioral equivalence,
given a set of available experiments. Behavioral reasomingguational logic has been consistently
developed, see for instance [15, 19].

Logical matrices [16] are widely accepted as the semamtictsires that naturally fit the traditional
approach to algebraic logic [14]. It is well-known that gwvstructural logic is fully characterized by
the class of its matrix models, or even better by the classsatduced matrix models [20]. In the case
of a logic algebraizable according to the traditional mdthmne even gets an equational specification
of the algebras underlying these matrix models, a neat cteization of matrix congruences by means
of the Leibniz operator, and a way of recovering the corredp@ matrix filters by using the defining
equations of the algebraization [2, 14]. However, as a apursgce of the behavioral generalization of
the process of algebraizing logics, one finds that the furesidah notion of matrix semantics is no longer
adequate. Namely, due to its added freedom, the notion aiviimial equivalence is in general not a
congruence over the whole language of the logic. Moreogegxpected in the case of logics that are not
algebraizable under the usual approach (but which may bavimrhlly algebraizable), the connection
between the logic and its matrix semantics may be weak anttarasting. A paradigmatic example
of this situation can be found in da Costa’s system of parsistent logicC; [8]. In fact, C; is well-
known not to be algebraizable using traditional means, aitianally all its Lindenbaum matrices
are reduced. Still, the logi€, is behaviorally algebraizable, and its resulting behaliprequivalent
algebraic semantics is quite interesting [6]. Namely, Jiitte effort, it allows us to recover the non-
truth-functional bivaluation semantics of [9].

Logical valuations as a general semantic tool were propos€tD] precisely with the aim of pro-
viding a semantic ground for logics that, like, lack a meaningful truth-functional semantics. The key
idea is, in the extreme case, to drop the condition that ftasnshould always be interpreted homomor-
phically in an algebra over the same signature. Besideiigekthorough study, namely if contrasted to
the myriad of interesting and valuable algebraic theoryeulyihg logical matrices (see [20]), valuation
semantics has been criticized for its excessive gener@g, for instance, [13]). Still, every logician
would agree that a matrix semantics is simply a clever anebatgcally well-behaved way of defining
a valuation semantics by simply collecting all possible bamrphic interpretations. A promising alge-
braically well-behaved version of valuation semantics praposed in [5] as the natural generalization of
logical matrices to the behavioral setting. Namely, it drdipe requirement that formulas be interpreted
homomaorphically, while still requiring that any exceptiomust have an algebraic specification.

In this paper we review the nice properties of algebraicatidms, paralleling them with the proper-
ties of logical matrices. As our main contribution, we prepa fine-tuned version of the process leading
to the envisaged semantic counterpart of behaviorallybatgeable logics that allows us to obtain new
meaningful bridge results, namely generalizing to the bieial setting the role played by reduced ma-
trix models in the traditional approach, thus opening thg twahe development of a behavioral algebraic
theory of logical valuations. The paper is organized as¥ail. In Section 2, we will recall the essential
ingredients of the behavioral approach to the algebraiaaif logics, including those of a behaviorally
protoalgebraic logic, a behaviorally algebraizable lpgitd the behavioral Leibniz operator, along with
a few relevant characterizations. We will also introduaetifie first time the behavioral Suszko operator
and prove some of its properties. In Section 3, we review titen of valuation semantics proposed
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in [5] and some of its properties, and introduce the classddiced valuations that should be canonically
associated with a logic. Section 4 is dedicated to estabtish few bridge results that parallel for val-

uations, in the behavioral setting, well known bridgingutesbetween logical matrices and traditional
algebraization. Finally, in Section 5, we draw conclusiansl discuss some relevant topics of future
work.

2. Behavioral algebraization of logics

We will focus our attention on a wide class of logics: thoseoséhlanguage can be built from a rich
many-sorted signature. Below, we first recall the necessatipns of universal algebra. We will also
recall behavioral equational reasoning, contrasting fhwiaditional equational reasoning. Along the
way we also fix some notation and terminology. Then, we widbtefrom [7] the necessary elements of
the behavioral approach to algebraizing logics. We wilbadsove a few new characterization results.

2.1. Algebraic preliminaries

A (many-sorted) signaturis a pair¥ = (S, F') whereS is a set (ofsortg and F' = {F s }wes+ ses
is an indexed family of sets (afperation3. For simplicity, we writef : s;...s, — s € F for an
elementf € Fy, s,s. As usual, we denote b¥s (X) = {T% 5(X)}ses the S-sorted family of carrier
sets of the fre&-algebraT's;(X) with generators taken from a sorted famity= { X, }scs of variable
sets. We will denote by : s the fact thatr € X,. Often, we will need to write terms € Tx(Y)
over a given subset of variablés C X. For simplicity, we will denote such a term byY), or even
by t(x1: s1,...,2n : sp) WhenY = {x1 : s1,...,2, : s,}. Moreover, ifT is a set whose elements
are all terms of this form, we will writd’(Y"). A substitutionover X is a S-sorted family of functions
o ={os: Xs — Tx s(X)}ses. As usualo(t) denotes the term obtained by uniformly applyingo
each variable int. Givent(Y') andu = (u; € Tx 5,(X))z,:s,cv, We will write ¢() to denote the term
o(t) whereo is a substitution such that,, (x;) = u,; for eachz; : s; € Y. Extending everything to
sets, giveri'(Y) andU C [[,....cy 15,5, (X), we will useT[U] = (U, T'(w). A derived operation
of types;...s, — soverXis simply a term ifls, s(x;1 :s1,...,2p:5,). FOrw € S*, we denote by
Dersy, 5 the set of all derived operations of type— s overX. A (full) subsignatureof ¥ is a signature
I' = (S, F’) such that, for eaclv € S* ands € S, F,; C Dery. s.

Given a signatur&s = (S, F'), a X-algebrais a pairA=({A;}ses, -a), Where each4; is a non-
empty set, thesarrier of sorts, and_, assigns to each operatigh: s;...s, — s a function fa :
Ag, x...xAs — Ag. Anassignment oveA is aS-sorted family of functiong = {hs : X — As}ses.
As usual, we will often overload and use it to denote also the unique extension of the assignme
to an homomorphisnt : 7% (X) — A. Given aX-algebraA, a termt¢(x; : s1,...,oy, : S,) and
(ay,...,an) € Ag; X ... x Ag,, then we denote by (a1, ..., a,) the valueh(t) thatt takes inA under
an assignment such thath(z1) = aq,...,h(z,) = a,. WhenA is aX-algebra and" a subsignature
of X, we denote byA | theT'-algebra obtained by forgetting the interpretation of ak@tions not iff".

We will uset ~ u to represent an equation between tetmse 7%, ;(X) of the same sos, in which
case we dub it ag-equation. Thes-sorted set of alE-equations will be written ag'qy;. We will denote
quasi-equations byt ~ u;) & ... & (t, = u,) — (t = u). A set© of equations with variables in
{x1:81,...,2pn:8,} will be dubbedO(z1:s1,...,z,:5,). As usual, we say that an assignmérdver
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A satisfieghe equatiornt ~ u, in symbolsA, h |- ¢ =~ wif h(t) = h(u). We say thafA satisfies ~ u, in
symbolsA IF ¢ =~ u, if A, h -t~ u for every assignmerit over A. Given a clasX of 3-algebras, the
equational consequence overassociated witfK, Fx C P(Eqyx) x Egs, is such tha® Fx t ~ w if for
everyA € K and assignmerit over A we have thatA, h |- ¢ ~ u wheneverA, h I ©. Moreover, we
say thatA satisfies a quasi-equatiohy ~ u1) & ... & (¢, =~ u,) — (t =~ u), denoted byA I- (¢ ~ )
&... & (tn = up) — (t = u), whenever(ty ~ uy, ... t, = uy} Fray t = u.

As mentioned above, the key ingredient of the behaviorataggh to algebraizing logics is to use
behavioral equational logiin the role usually played by plaiequational logic The distinctive feature
of behavioral equational logic is the fact that the sortsspié in two disjoint sets, ofisible and hid-
densorts, and only certain operations of visible sort are aidasexperimentsin the visible sorts we
can perform simple equational reasoning, but we can onlgoreandirectly about hidden sorts, using
behavioral indistinguishabilityunder the available experiments. Intuitively, we must extd equations
involving hidden values using only their visible propestiét may happen that under all available experi-
ments two certain hidden terms always coincide, which mtiers behaviorally equivalent, even though
they might actually have distinct values. We will now putviard the rigorous definitions, contrasting
them with the ones for plain equational logic. dden (many-sorted) signatuie a tuple(:,V, )
whereX = (S, F') is a many sorted-signatur®, C S is the set of visible sorts, anfl is the set of
availableexperimentsthat is, a set terms of visible sort of the fotx : s,z : s1,...,2, : s,) Where
x is a distinguished variable of hidden ser€ H = S\ V.

Definition 2.1. Consider a hidden signatuk&, V, ) and aX-algebraA. Given a hidden sort €
H, two valuesa,b € A, are £-behaviorally equivalentin symbolsa =¢ b, if for every experiment
t(r:s,01:81,...,Tn:8,) € Eand everylcy, ..., c,) € Ag, X ... X Ag, , we have that

ta(a,ciy... cn) =ta(bycr,y. .. cn).

Now that we have defined behavioral equivalence, we can talktabehavioral satisfaction of an

equation by a:-algebraA. We say that an assignmehtover A £-behaviorally satisfiesn equation

~ u of hidden sort € H, insymbolsA, h IF¢ ¢ ~ uif h(t) =¢ h(u). Expectedly, equations of visible
sort are satisfied as usual, that ist i « is an equation of soi € V then we writeA, h IIF¢ t ~ u
if h(t) = h(u). These notion can now be smoothly extended. We sayAh&tbehaviorally satisfies
t ~ u, in symbolsA IF¢ ¢t ~ u, if A,k IF¢ t ~ u for every assignmeni over A. Given a clask
of X-algebras, théehavioral consequence ovErassociated withK and £, Ei C P(Egs) x Egyx, is
such tha©® E% ~ u if for every A € K and every assignmentover A we have thatA, h IIF t ~ u
wheneverA, h IF¢ ¢/ ~ ' for everyt’ ~ «' € ©. Moreover, we say thaA £-behaviorally satisfies
a quasi-equationit; ~ u1) &... & (tn, ~ u,) — (t ~ u), denoted byA - (t; ~ uy) &... &
(tn =~ up) — (t = u), whenevert; ~ uy,...,t, ~ up,} )zfA} t ~ u. We refer the reader to [19] for
more details on the subject of behavioral equational réagon

2.2. The behavioral approach

From now on, we will work only with signatures = (S, F') with a distinguished sokb (the syntactic
sort of formulas). We assume fixedSasorted family X of variables. We define the induced set of
formulas Ly (X) to be the carrier set of sot of the free algebr&'s;(X) with generatorsX, that is,
Ls(X) = Tx 4(X). We now introduce the class of logics that is the target ofamuroach.
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Definition 2.2. A (many-sorted) logics atuple = (X, +) whereX is a signature and C P(Lx (X)) x
Lx(X) is aconsequence relatiosatisfying, for everyd U ¥ U {¢} C Lx(X):

o if p € ®thend F ¢ (reflexivity);
o if D pforall p € ¥, andV I ¢ thend ¢ (cut);

o if - pand® C ¥ thenV I ¢ (weakening.

L is further said to bstructural whenever:
e if ®F ptheno[®]F o(yp), for every substitutionr,
and said to bénitary whenever
e if &+ pthenV F ¢ for some finitel C &.
In this paper, unless otherwise stated, all the logics demnsd are assumed to be structural.

Note that propositional-based logics appear as a particake of many-sorted logics, considering a
signatureX = (S, F') such thatS = {¢}.

We will uset-, instead of just- to refer to the consequence relation of a given logie= (3,F).
Moreover, as usual, &, ¥ C Lx(X), we will write ¥ - & wheneverl - ¢ for all ¢ € ®. We say
that p,v € Ly (X) areinterderivablein £, which is denoted by -, v, if ¢ Fx ¢ andy b, .
Analogously, we say thab and ¥ areinterderivablein £, which is denoted by -+, ¥, if & -, ¥
andV¥ . ®. Thetheoremf £ are the formulag such that) -, . A theoryof L is a set of formulas
® such that if® - ¢ theny € ®. As usual,®" 2 denotes the least theory Gfthat containgp. The set
of theories of£ will be denoted byTh,.

Extending the single-sorted case, a logical matrix over ayrsarted signature, or simply aX-
matrix, is a tuple(A, D) whereA is aX-algebra and) C A,. A matrix (A, D) over is a model of a
logic £ = (3, F) if for every homomorphisnk : Tx(X) — A we have thatifl’ -, ¢ thenh(yp) € D
wheneveri(y)) € D for everyy € T, in which caseD is dubbed aC-filter of A. As usual, the class of
all matrix models of a given logi€ will be denoted by MatiC)?*.

In the present setting, given the signatlire= (S, F') of a logic, the corresponding free algebra will
have a set of terms of each sort, but only those terms ofyswitl correspond to formulas of the logic.
Therefore, in the logic itself, one can only observe the tienaf terms of other sorts by their indirect
influence on the formulas where they appear. The behavippbach to the algebraization of logics is
built over the idea of taking this situation a step furtheantely, we will hide all the sorts of, including
¢, and introduce a new unique visible sort for observing theaki®r of formulas. Experiments must be
carefully chosen among the well-behaved connectives ofotjie, determined by a given subsignature
I' of X2, thus possibly allowing the remaining connectives to behiaa non-congruent way. This can be
achieved by considering behavioral equational logic omegxended signature. We define the extended
signature>® = (S°, F°) such thatS° = S |¢J{v}, wherev is the newly introduced sort @bservation®f

LIn this paper we will borrow the terminology used, for instanin [20]. In the modern terminology of algebraic logic[1#he
classes MatrC) and Matf (£) are instead denoted by MEfl) and Mod (L), respectively. We dropped this terminology here,
as our main point is precisely that matrices do not provigeniost natural notion of model in the behavioral algebratitrep
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formulas. The indexed set of operatioN$ = {F°y; }ye(s0)- ses0 IS SUCh thatF s = Fys if w € S*
ands € S, Fg, = {o}, andFy,, = 0 otherwise. Intuitively, we are just extending the signatwith a new
sortv for the observations that we can perform on formulas usie@bservation operatian Finally, the
extended hidden signature(B°, {v}, &) wherefr = {o(t(x:s,x1:51,...,Tm:sm)) 1 t € T ¢(X)}.
Henceforth, we will usd” instead of&r to qualify the corresponding notions of behavioral reasgni
Before we recall the notion of a behaviorally algebraizabdgc, we need a further concept. L@tz : ¢)
be a set ofp-equations© is said to bd'-compatiblewith a classK of X° algebras if, given any variable
y : ¢, itis the case that ~ y, O(z) =k O(y).

Definition 2.3. Alogic £ = (X,+) is behaviorally algebraizablé there exists a subsignatufeof ¥, a
classk of ¥.°-algebras, a séb(z : ¢) of p-equationd’-compatible withK, and a set\(z : ¢,y : ¢) C

Lr 4 of formulas such that, for evedy U {¢} C Lx(X) and for every se¥ U {t ~ u} of ¢-equations,
we have:

o B piff O[] Ex O(p);
o U =gt ~uiff AWy At u);
o -, AO(z)] and z ~y =E=p O[A(z,y)].

The set© is called the set adlefining equationsA the set oequivalence formulagndK abehaviorally
equivalent algebraic semantiésr L.

This definition is parameterized by the choice of the sulaigeI” of X. Hence, in what follows,
we will say that a logic id"-behaviorally algebraizablg we want to stress the choice bf

It is no accident that the definition of behaviorally algaebahle logic follows very closely the usual
definition of an algebraizable logic, but with behaviorahsening replacing the usual equational rea-
soning. As shown in [7], behavioral algebraization inderthmgyes the scope of the traditional theory
of algebraization, but maintains many of its nice propertiBlamely, given &-algebraA, there is a
very natural way of defining a correspondifigbehavioral Leibniz operat(fllé that maps each filter
D C A, of A to the largest congruend@? (D) of A|r that is compatible witiD. Note thatQ2 (D) is
in general not a congruence ovArif T is a proper subsignature &f. In particular, if we consider the
free algebrdl's; (X), we will write Qr instead ofﬂll:z(x). We will useQr 4 to denote the restriction of
Qr to the sortp. The following simple result, whose proof can be found in fiyes us a simple view
of the meaning of the behavioral Leibniz congruence.

Proposition 2.1. Let £ = (3, ) be alogic,(A, D) a matrix overX, andI' a subsignature oE. Then,
(a,b) € QﬁS(D) if and only if for every formulap(z : s, 21 : s1,...,2, : s,) € Lp(X) and every
c1 € Asy, ..., 0 € A, We have that:

vala,ci,y...,cp) € Diff a(b,c1,...,¢4) € D.

Note that the behavioral Leibniz operator has some intege$tatures. Namely, given a sarte
S, if the setLr(X) = 0 then Qp (D) becomes trivial, that is2p (D) = A, x A,. Moreover,
whenLr(X) # 0, even ifQ (D) is the identity, it may happen th&q (D) is not the identity. In
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general, whemﬁ (D) is the identity, we have theﬁﬁs(D) is the kernel of the (possibly non-injective)
interpretation of the operators Ih

Nevertheless, as in the traditional approach, the behalvigribniz operator can be used to char-
acterize important classes of logics with respect to thigielaic properties. Namely, a logi€ is
I"-behaviorally algebraizable exactly when, on the theaofes, Qr is injective, monotone, and com-
mutes with inverse substitutions [7]. The behavioral L&loperator can also be used to generalize to
the behavioral setting the class of protoalgebraic logidsich is considered to be the largest class of
logics amenable to a meaningful algebraic treatment.

Definition 2.4. A logic £ = (3,F) is behaviorally protoalgebraidf there exists a subsignatufeof ¥
such that, for everp € The andy, ¢ € Ly (X), we have:

o if (p,1) € Qr 4(P) then®, p - and®, ¢ F ¢.

This definition is again parameterized by the choice of thesigmaturel’. We will say that a logic
is I'-behaviorally protoalgebraiavhen we want to stress this choice.

We will now recall two equivalent characterizations of babeally protoalgebraic logics that will
be useful later on. One is based on properties of the belz\ieibniz operator, and the other on the
existence of a parameterized equivalence for the logich Beheralize to the behavioral setting well
known results about protoalgebraic logics, in the standarde, and their proofs can be found in [7].

Definition 2.5. Let £ = (X,F) be a logic,I" a subsignature oE. Given a setZ of variables, called
parametric variablesa setA(z : ¢,y : ¢,Z) C Lp(X) is said to be garameterized -equivalence
system fotZ if it satisfies the following conditions:

o - A(x,x,2),
o v, A(x,y,U) Fy;
o Az,y,U) F A(p(z), p(y),U), for eachp € Tr 4(x : ¢),

whereU =[], ..
every possible way.

Ty, 5,(X), thus allowing the joint instantiation of the parametrigiables Z in

We can now present the characterization result.

Theorem 2.1. Let £ = (X, ) be a logic and” a subsignature oE. Then, the following conditions are
equivalent:

(i) L isT'-behaviorally protoalgebraic;
(i) Qr is monotone on T
(i) there exists a parameterizdd-equivalence system far.

A straightforward generalization of the standard settilhgas us to prove an interesting but simple
new result, which will be useful below, showing that a parterieedI’-equivalence system can be used
to define thd -behavioral Leibniz congruence in every matrix modelLof
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Lemma 2.1. LetL = (X,F) be alogic andA(z : ¢,y : ¢, Z) be a parameterizetl-equivalence system
for £. Then, for evenM = (A, D) € Matr(L), we have that

(a,b) € Qﬁd)(D) iff Aa(a,b,¢) C D for everyc € H As,.

2i:Si€L

Proof:
Consider the binary relatiofn = {(a,b) : Aa(a,b,c) C D foreveryc € [[, .. ., As,} OverAy. Itis
easy to prove thats is compatible withD, and that it respects a congruence property for all the fasnu
O(x1: @y...,xn @) € Lp(X), thatis, if (a1, b1), ..., (an, bs) € O then it must also be the case that
(pa(al,...,an),da(b1,...,by)) € Oa. Therefore, we can conclude the C Qﬁ¢(D).

To prove the converse, consider,b) € Qf (D). Then(Aa (a,a,¢), Aa(a,b,0)) € Qp ,(D) for
everyc € [[..,.cz As;- SinceM € Matr(£) we have that\a (a,a,¢) C D foreverye € [], ., c, As,-
Therefore, by compatibility we can conclude tidej (a, b,¢) C D.

Despite the fact that the Leibniz congruence is a key toolgetaaic logic, there is evidence that for
non-protoalgebraic logics the Suszko congruence is mataxder Nevertheless, the Suszko congruence
is often neglected because it coincides with the Leibnizyooence within the class of protoalgebraic
logics, and most of the work in algebraic logic focuses ondlass of protoalgebraic logics. Herein,
as we want to be as general as possible, we will introducehfofitst time a behavioral version of the
Suszko congruence. GivertaalgebraA and a filterD of A we can define the behavioral Suszko con-
gruence a§2f (D) = N{QA (D) : D' is aL-filter of A andD C D'}. Note that, as in the traditional
approach and contrarily to the definition of the Leibniz cwmce, the definition of the Suszko congru-
enceQf (D) does not depend exclusively @nand D, but also on the logic to define all theC-filters
that containD. The notation we are using does not emphasize this fact, dshauld keep it in mind at
all times. An immediate consequence of the definition is ﬁz@w) C QA (D). As for the behavioral
Leibniz congruence, we should also remark heref]ié(D) is not a congruence ovex if T" is a proper

subsignature of. When we consider the free algebEs;(X) we will write Qr instead ofﬁgz(x).
The following result presents an alternative, perhaps lempharacterization of the behavioral Suszko
congruence.

Proposition 2.2. Let £ = (3, ) be alogic,(A, D) a matrix over;, andI" a subsignature of. Then,
(a,b) € QﬁS(D) if and only if for every formulap(z : s,z1 : s1,...,2, : sp) € Lp(X), every
c1 € Agyy ... cn € Ag , and everyC-filter D’ of A such thatD C D’, we have that:

oala,ci,...,cp) € D'iff pa(b,cy,...,cn) €D

Proof:

This result follows easily from Proposition 2.1. Just ndtatta,b) € ﬁﬁs(D) iff (a,b) € QO (D)
for every L-filter D’ of A such thatD C D’ iff for every formulag(x : s,z1 : s1,...,%n : Sp) €
Lr(X), everye; € As,,...,c, € A, and everyL-filter D’ of A such thatD C D’, we have that
oala,c1,...,cy) € D iff pa(b,cr,...,c) €D O

We can now obtain a generalization to the behavioral setfragvery nice result of the traditional
setting. First we prove a useful lemma.
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Lemma 2.2. The behavioral Suszko operatﬁfli is monotone, for every logi€ = (3,F), everyX-
algebraA, and every subsignatuie of 3.

Proof:

Assume thatD;, D, are two filters of A such thatD; C D,. Then, it is clear thatt; = {D :
Dis aL-filter of A andD; C D} O {D : DisacL-filterof AandD, C D} = Fy. Therefore,
QR (D1) =N F SN F = Qp(Ds). O

We can now prove that the Leibniz and Suszko behavioral camges coincide precisely when the
logic at hand is behaviorally protoalgebraic.

Theorem 2.2. Let £ = (%, ) be a logic and” a subsignature of. Then,. is I'-behaviorally protoal-
gebraic if and only ifQr(®) = Qr(P) for every® € Th,.

Proof:
Suppose first thaf is I'-behaviorally protoalgebraic. Then, using Theorem 2.1 m@kthat there exists
a parameterize@l-equivalence system\(x : ¢,y : ¢, Z) for L. Let® € Thg andty, 2 € Tx, s(X) such
that (t1,t2) € Qr s(®). SinceQr(®P) is al'-congruence we have that the pais(ti, u1,...,up),
o(ta,ut,...,uy)) € Qrg(P), for everyp(xo : s,z1 : s1,...,2, : sp) € Lp(X) and everyu; €
T5 5, (X),...,up € Ty g, (X). Thus, using Lemma 2.1 (p(t1,u1, ..., up), @(t2, u1, ..., uy),U) C
®, and using the properties of a parameterifedquivalence system it is straightforward to conclude
that ®, p(t1, u1, ..., u,) I ®,0(t2,u1,...,u,). Therefore, we have thai(ty, uq,...,u,) € @ if
and only if p(t2,u1,...,u,) € @ for every® € Th, with & C &', and Proposition 2.2 allows us
to conclude thatty, to) € ﬁp,s(<1>). Since it is always the case trétp C Qr, we can conclude that
Qr = Qr.

For the converse implication, assume thit(®) = Qp(®) for every® € Th. Then, Lemma 2.2
allow us to conclude thd®r is monotone omh,. Using Theorem 2.1 we have thétis I'-behaviorally
protoalgebraic. O

In the classical theory of algebraization, the class of netet are canonically associated with a
logic L is typically not the whole family MatiC), but rather the subclasses of Leibniz or Suszko reduced
matrix models. In general, a matrix fdrcan be reduced by simply factoring it with the corresponding
congruence. This is however a challenge in the behavioss, @s typically the behavioral Leibniz and
Suszko are congruences for just the operatioris in

3. Algebraic valuations

In this section we will first review the definition and propest of the notion of valuation semantics
proposed in [5] as the suitable semantic companion of a iadle behavioral setting. Then, we propose
and discuss the class of logical valuations that, from oimtpd view, should be canonically associated
with a given logic.
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3.1. Logical valuations

The idea of valuation semantics appeared in [10] as an dffoprovide a semantic ground to logics

that lack a meaningful matrix semantics. The essentiakitignt behaind valuation semantics is thus
to drop the requirement that formulas must be interpreteddmeorphically in an algebra over the same
signature, and instead accept any possible interpretatom function from the set of formulas of the

logic to a set of truth-values equipped with a subset of degayg values. Besides lacking a thorough
supporting theory, namely if contrasted to the rich thedr{ogical matrices, valuation semantics has
been mostly criticized for its excessive generality, namad it can be (mis)understood at the light of
Suszko’s bivalence thesis (see, for instance, [4, 13]).Adtvn of valuation semantics proposed in [5],

that we review in this subsection along with its essentiapprties, is intended precisely to maintain as
much regularity as possible, thus allowing for a smoothlaigie treatment.

Below, we will consider fixed a signatude = (S, F') and a subsignature of X.

Definition 3.1. A I'-valuationis a tripled = (A, D, h) such that:
e (A, D) is al'-matrix, and

e his a sorted functiorh : Tx,(X) — A such thath(f(¢1,...,t,)) = fa(h(t1),...,h(t,)) for
everyf:sy...s, —selandt; € Ty ., (X) withi € {1,...,n}.

A T'-valuation semanticever is a collectiony of I'-valuations.

A I'-valuation is a matrix over the subsignatdreof X together with a function that satisfies the
homomorphism condition for every connectivelin In other words,h : Tx(X)|r — A must be
an homomorphism betwedrtalgebras. In this way we are allowing valuations that donmemtessarily
satisfy the homomorphism condition with respect to conimestoutsidd”. Note that the notion of matrix
semantics is a particular case of this definition, as it caolteined by takind” = ¥ and requiring that,
for each relevant-algebraA, every homomorphism : Tx(X) — A is considered.

Expectedly, given &-valuation’ = (A, D, h) and a formulay € Ly (X), we say that} satisfies
v, denoted by I- @, if h(p) € D. As usual, giverb C Ly (X), we writed I & wheneven) I- ¢ for
everyp € ®. A I'-valuations is said to be a model of when it happens that if I+ ® and® . ¢ then
¥ Ik . In this caseD is called aZ-filter of h. The class of all’-valuations that are models gfwill be
denoted by Val(L).

Given al'-valuation semantic¥ = {(A;, D;,h;) : i € I} overX, we define the consequence
relation associated with, -, C P(Lx (X)) x Lx(X), by letting® -, ¢ if for every I'-valuationd € V
we have that! I ¢ whenever) I ®. Note that, in generaky, is not structural, an important question
to which we will return. In any case, l&t = (X,) be a logic overX, not necessarily structural. A
I'-valuation semantic¥ is soundfor L if . Cy,. Symmetrically,V is adequateor L if -y, Ck,. The
I'-valuation semantic¥ is completefor £ if it is both sound and adequate, thatis=+F,.

One can easily bring the usual Lindenbaum-Tarski constmgtto the setting of valuations. For
each setb C Lyx(X) of formulas, we can define the-valuationy® = (Lx(X)|.,®,id) whereid :
Ls(X) — Lx(X) is the identity function. Thé'-valuations of the formy® are dubbed.indenbaum
I-valuationsfor 3. The familyVr(£) = {J2 : ® is a theory ofC} is called theLindenbaunT-bundle
of L.
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Proposition 3.1. For every logicL,
e L is complete with respect to its LindenbadixbundleVr(L);

e L is complete with respect to VdIC).

Proof:

Clearly, Vr(£) C Valp(£). To see thaVr(£) is an adequat€-valuation semantics fof, just suppose
that® ¥, ¢ for somed U {p} C Ly (X). Thenv® > I+ ® but¥2" ¥ ¢, and henceb Fyuc) - As a
consequence, also V4IC) is adequate for. O

As the class of all matrix models d in the usual approach, the class Mal) is very important
since it allows us to study the metalogical propertiesCof As we will show below, when a logic is
behaviorally algebraizable, we are able to algebraicgdbcHy not only the class of algebras associated
with the logic, but also the admissible ways that formulas lba interpreted in these algebras, as the
valuations are now incorporated in the algebraic modelde Mt it is precisely the extended signature
Y° that gives the algebraic handle that allows us to specifggh&here are, however, other desirable
properties that a valuation semantics might enjoy.

One semantical property which is very characteristic ofatgebraic setting, and which holds for a
matrix semantics, ieepresentativity

Definition 3.2. A I'-valuation semantic® over?: is is said to beepresentativéf
e V= (A,D,h) € Vimpliesthat} oo = (A, D,hoo) € V for every substitutiorn.

This last property is well known to be closely connected sttiicturality [20].

Theorem 3.1. Let £ be a logic, not necessarily structural, over signatdleandI” a subsignature of
Y. Then,C is structural if and only if the class (L) is representative.

Proof:

Suppose that is structural, let} € Valp(L£) and take any substitutiom. Assume thatb . ¢ and
Yoo Ik ®. Clearly, this is equivalent to having I o[®]. But, by structurality, it is also the case that
o[®] k. o(p) and, as) € Valp(L), it follows thatv I- o(¢). Equivalently, theny o o I ¢, and hence
Yoo € Valp(L), and Vat (L) is representative.

To prove the converse implication, given that accordingrapBsition 3.1£ is complete with respect
to Valp (L), it suffices to show that the consequence associated wittbéreay representative valuation
semantics) is necessarily structural. Assume tldat-y, ¢ and take any substitutiom. Givend € V,
if ¥ I o[®] then, equivalentlyy) o o I ®. But we know that) o o € V, and therefore) o o I ¢, or
equivalently,d I- o(y). Hence g[®] - o(¢) andry, is structural. 0

To see that some further important properties of the fruitieory of logical matrices generalize
to our notion of valuation semantics, we end this sectiom @it example of such a result, namely an
adaptation of Bloom’s theorem [3].

Given al'-valuation® = (A, D, h) asubvaluation of} is aT’-valuation®’ = (A’, D', k') such that
A’ is al'-subalgebra oA, DN A/, = D’, andh’ = h.
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Two I'-valuationsy = (A, D, h) andd’ = (A’, D', h') are said to bésomorphicif there exists an
isomorphism. : A — A’ of I'-algebras such thatD) = D’ andco h = I/,

Givenaset\ = {9, = (A;, D;, h;) : i € 1} of I'-valuations thalirect product ofA is theI'-valuation
e = (Mier Ay, e Dy, (hi(_))ier)- A subdirect producof A is al-valuationd = (A, D, h) such
that is a subvaluation ofl;;4; and each of the projections : A — A, is onto.

Recall that, given a sét anultrafilter on I is a sei/ consisting of subsets dfsuch that the following
conditions hold:(1) 0§ ¢ U; (2)if A € Y andA C BthenB € U; (3)if A,B € UthenAN B € U,
(4)if A C I,then eithetd € U or I\ A € U. Note that condition§1—3)together imply thatd and’ \ A
cannot both be elements&f GivenA = {¥; : i € I} and an ultrafiltei/ on I we can define a (sorted)
equivalence relation-;, on the direct produdi;c;1; as follows:a ~y biff {i € I : a; = b;} € U.

Theultraproductof theI'-valuationsA modulo an ultrafiltet/, denoted bylI;,¥;, is the quotient of
1L, 19; by the equivalence-;, (that is indeed a congruence of the underlyifiglgebra). Concretely, let

Oyv; = ((WierAq) /U, [{(ai)icr € icrAsg - {i € 12 a; € Di} € U, [(hi(L))ierlu)-

Theorem 3.2. Let £ be a logic over signaturé:, andT" a subsignature of.. Then,£ is finitary if and
only if the class Val(£) is closed under ultraproducts.

Proof:

Suppose first that is finitary. Let{d; : i« € I} C Valp(£) be a family ofI"-models of£ andi/ an
ultrafilter onZ. We aim to prove thall;;v; € Valp(£). So, suppose thak -, ¢ and thatll;;9; I+ ®.
Since, is finitary, there must existys, ..., ¢} C ® such thatpy, ..., ¢, Fr ¢. Foreachl < j < n,
we have thallyv; I+ ¢;, and thusl; = {i € I : 9; IF ¢;} € U. Sincel{ is an ultrafilter we have that
Ln...nl,={iel:v¥IF{p1...,pn}} € U. Note also that, since each is aI'-model of L,
Ln...nI, C{iel:v; Iy} Sinceld is an ultrafilter we have thdti € I : 9; I+ ¢} € U and so
005 IF .

Suppose now that Va(£) is closed under ultraproducts. To prove tidais finitary let® be infinite
and assume thab’ ¥, 1, for every finite® C ®. Let I denote the set of all finite subsets ®f
For eachi € I, definei* = {j € I : i C j}. Using well-known results on ultrafilters [20] we can
conclude that there exists an ultrafiltérover I that contains the family:* : ¢« € I}. For everyi € I,
consider the theory ¢ and lety; = ﬂ%kﬁ € Valp(£) be the corresponding Lindenbauravaluation.
Let IT;2; be the ultraproduct of the family by the ultrafiltéf. Then, for everyp € & we have that
{p}p C{iel:0;IFp}. So{iel:v; Ik ¢} elforeveryp € &, and consequently we have that
Iy¥; IF ®. But{i € I : ¥; IF ¢} = () and solly; ¥ 1. Sincell,; € Valp(L) we have thatd ¥ ¢,
and we can conclude thatis finitary. O

As we have mentioned earlier, the class of logical matriee®pically associated with an algebraiz-
able logicL is typically not the whole of MaftC), but rather the subclass MatC) of Leibniz reduced
matrices. In the behavioral setting, we can define an anafoglass of reducell-valuation models, by
setting Vaj.(£) = {(A, D, h) € Valp(£) : Q& (D) is the identity;. Expectedly, giverd C Ly (X), we
can also define thE-valuation

I = (Le(X)|r)/r (@), [@lop@), [or@) € Vali(£).

TheI'-valuations of this form are dubbeedduced Lindenbauri-valuationsfor . The familyV}:(£) =
{93® : @ is a theory ofL} is called theeduced Lindenbaurfi-bundleof L.
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Proposition 3.2. For every logic.,
e Lis complete with respect to its reduced LindenbdtioundleVy:(L);

e L is complete with respect to VEIC).

Proof:

Noting thatV}:(£) C Vali:(£), the results follows easily from Proposition 3.1, once weebe that,
for every theory® of £ and everyy € Lx(X), we have that;® I- ¢ if and only if 92 I- ¢. This

equivalence follows easily from the fact tH@g(®) is compatible withd. O

Still, the class V4l (£) is not fully satisfactory, as it fails to comply with an impant global property
of matrix semantics: the fact that we can consider all péssibsignments to the variables over a given
algebra.

Definition 3.3. A I'-valuation semantic¥ over?: is said to bd_aplacianif

e wheneverd = (A, D,h) € V then for every assignment over A there exists d-valuation
Y, = (A, D, h,) € Vsuch thath,|x = p.

In the general case, there seems to be no clear way of maklhgdja_aplacian.

3.2. Valuations canonically associated with a logic

In this section we advance our proposal of the most suitatligation semantics that should, from an
algebraic perspective, be associated with a logic. To si#nt it is useful to recall what happens in the
traditional approach, using matrix models. Indeed, a laftirt was invested by algebraic logicians in
finding a congruence that could be used to extend in a smogtith&ad indenbaum-Tarski construction to
every logic. It became clear that the Suszko and the Leilmgences were the most natural choices.
In the class of protoalgebraic logics these two congruenoexide, and therefore it became clear what
the natural generalization of the Lindenbaum-Tarski qoiesion for protoalgebraic logics should be.
For non-protoalgebraic logics, the range of studied exampbnfirmed that the Suszko congruence is
the most appropriate choice. Therefore, the standard afadgebras canonically associated with a logic
L is the class AlgL), obtained as the closure under isomorphisms of

{A/QA(D) : (A, D) € Matr(L)}.

As argued in [14], this class of algebras is less importaant the closure under isomorphisms of the
class of Suszko reduced matrices

{<A/(~2A(D)a [D]QA(D)> : (A, D) € Matr(L)},

as, it is not possible, in general, to canonically asso¢@eachA € Alg(L) afilter D such thatl is
complete with respect to(A, Da) : A € Alg(L)}.

Using the Leibniz congruence one can introduce anotherrit@apiclass of reduced matrices associ-
ated with a logicC. This is Matr (L), the closure under ismorphisms of the class of its Leibrdzced
matrix models

{(A/qa(p): [Dlga(py) : (A, D) € Matr(L)}.
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Taking the algebraic reducts of the class of M@fl) we obtain the class of algebras

Alg*(L) = {A : (A, D) € Matr*(£)}.

Since, in generalflA C QA we have that Alg(L) C Alg(L). Moreover, in the protoalgebraic case,
the classes Al £) and Alg(£) coincide. Therefore, within the class of protoalgebragids, it is usual
to work just with the Leibniz congruence and the classes ¥gand Mat¥ (L).

To pave the ground for a meaningful behavioral algebraiohef valuations, it seems that the
wisest choice will be to consider classes of reduced valnatthat mimic as much as possible the case
of logical matrices. However, as we have seen above, simBind classes of reduced valuations does
not seem to be a good choice. We propose instead a ratioralis therhaps even closer to the lessons
learned from logical matrices, and which departs from thaps intuition that a matrix semantics can
be understood as defining the class of all valuations olatdiiyehomomorphic interpretation. Given a
logic £ = (3,F) and a subsignaturE of 3, let M = (A, D) € Matr(£). As we have discussed, the
I'-behavioral Suszko and Leibniz congruences, not beingroenges over the wholg, cannot help
us to obtain a corresponding reduced matrix. Still, for easmomorphismi : Lx(X) — A over
M, we can take the correspondimgvaluationd;, = (A|r, D, h) € Valp(£), and obtain reduced-

valuations. If we quotient,, ;, by the behavioral Leibniz congruen€e= QA|F( D) we obtainﬂ}kmh =

((Alr)/a, [Dla, [_lach). If we quotientd j, by the behavioral Suszko congrueriee= ﬁ?'F(D) we
obtaim’9VM7h = ((Alr)/g, [Dlg, [Llg © h). If we proceed like this, systematically, we can define some
interesting classes of reduc&evaluations. As usual, we denote b)) the closure for isomorphisms
of a given class of valuations.

Definition 3.4. For every logicC = (X,+) and subsignaturE of 3, we define the following classes of
valuations:

e MValj.(£) = I({9},,, : M € Matr(£) andh is a homomorphism oveV/ });

e MValy (L) = H({ﬁMﬁ : M € Matr(£) andh is a homomorphism oveV/ }).

Note that for a logicC in the class of -behaviorally protoalgebraic logics, MVEIL) and MVal (L)
coincide. In general, of course, MYAIC) C MValf (£). Here, since we are following the work done
in behavioral algebraization of logics, which is still veigcused on the class df-behaviorally pro-
toalgebraic logics, we will restrict our analysis to My/&L). Nevertheless, we should stress that, when
studying logics outside the behavioral protoalgebraisslét might be wise to consider MVfalL£) in-
stead. We will briefly discuss this possibility in the cordihg section.

As we will show below, the valuation semantics ML) is meaningful and very well-behaved.
One important characteristic of MVgl£) which is not shared by Va(£) is that it is Laplacian.

Proposition 3.3. Let £ be a many-sorted logic. Then MY&L) is both Laplacian and representative.

Proof:

Suppose tha! = (A, D, h) € MVal{(£). Then there existd/ = (B, D’) € Matr(£) and an homo-
morphism#A’ over M such that) = Ohg - Consider given an assignmemtover A. Recall that by
constructionA results of a quotient construction fraBir. Therefore, it is always possible to choose an
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assignment” overB such that, for every € S and everyr € X, we have thabf (z) € ps(x). We can
then conclude that}, ,, = (A, D, [_]ng,(D,) o h?) € MValj: (L) and([_]Q?(D,) o h*)|x = p. Hence,
MValy (L) is Laplacian.

To show that MVa} (L) is representative, take any substitutienClearly,’ oo is also an assignment
overB. Hencewy, o, = ¥y 00 =10 00 € MValf.(L). O

Lemma 3.1. Let £ = (¥, ) be a many-sorted logic anid a subsignature of. Then:

(i) MValy:(£) C Vali(£);

(i) for everyd € Val (L) there exists¥ € MValj-(£) such that, for everyp € Ly (X), we have that
G @iff o Ik p;

(lll) for evel’y<I> U {QD} - LE(X), 0] }_MVaIf‘(l:) ) iff ® }_E © iff ® |_Vallt(£) ©.

Proof:

Condition (i) is trivial since by construction evety-valuation in MVaf.(£) is reduced and a model
of L.

To prove conditior(ii), let¥ = (A, D, h) € Val.(L). Consider the seby = {p € Lx(X) : h(p) €
D}. Itis easy to see thaby € Th,. Therefore, we have that! = (Tx(X), ®y) € Matr(L), and
taking the identity functiond : 7% (X) — Tx(X) we have thav},,, € MValj-(£). We just need to
check thaty IF ¢ iff YT LZ for everyp € Ly (X). CIearIy,q?*MJd’ = @ iff [Plar(@,y) € [Polar(@,)
iff ¢ € @y iff h(p) € Diff I I .

Condition(iii) is an immediate consequence of condit{ohand Proposition 3.2. O

Given these properties, it is not surprising that we progdsél;.(£) as the canonical valuation
semantics that should be associated with a gixdaehaviorally protoalgebraic logi€.

4. Bridge results

In this section we will present two bridge results similathiose that connect traditional algebraization
with matrix semantics, thus setting the path towards a beta\algebraic theory of logical valuations.
We also discuss our proposal at the light of the behavioedlyivalent algebraic semantics associated
with a behaviorally algebraizable logic, thus reinforcthg idea that the class MV&lL) of I'-valuations

is the right behavioral companion gf The following theorem is a generalization of a bridge resfil
traditional algebraic logic.

Theorem 4.1. Let £ = (X, ) be a many-sorted logic. Thehis I'-behaviorally protoalgebraic if and
only if MVal:.(£) is closed under subdirect products.

Proof:

Let us first suppose thatis I'-behaviorally protoalgebraic. Then, by Theorem Z has a parameterized
I'-equivalence system\(z,y, Z), whereZ is the set of parametric variables. Let us consider a family
A = {V; = (Ai, D, h;) }ier Of I'-valuations such that, for eache I, 9, € MVal(£) and lety =
(A, D,h) be a subdirect product of. It is easy to see that is a model of£L. What remains to
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be proved is that) is reduced. For the purpose, leth € A, and suppose thau,b) € Q?S(D).
Take anyp(xg : s,x1 : S1,...,%n : Sp) € Lp(X) andd; € Ay, ...,d, € As,. Then, we have that
(pala,dy, ... dp), pa(b,dy,... dy)) € QI‘}@(D). Sinced is a model ofC and MVal-(£) is Laplacian
we know that, for every < [] ..., A, there existgic : T5(X) — A such thaf{A, D, he) € MValy (L),
with hz(z) = pala,di,...,dy), he(y) = @a(b,di,...,d,) andhz,(z) = ¢,.. foreveryz : r € Z.
Thus, using Lemma 2.1, we have thh (pa (a,d1, ..., dy), pa(b,d1,...,dy),¢) C D for everye €
I1..,c~ Ar. Hence, by definition of subdirect product, we also know fleateachi < I it must be
the case thaﬁAi(gDA(a, dy,... >dn)i, QDA(b, dy,... ,dn)i,@') C D;. Note thatQDA(a, dy,... adn)i =
YA, (ai,di, ... dy;), and similarly fora (b,d1, ... ,d,);. Moreover, asr; is onto, we have that, for
everyi € I, ¢; ranges ovel[,..., A, asc ranges ovel]...., A.. Thus, for each € I, we have
that Aa, (¢a,;(ai,dig, ... dni), oA, (bisdig,...,dn;),G) C D;foreverye; € [],.,., Air. SO, using
Lemma 2.1 again, we have th@ia, (a;,d1,...,dn;i), oA, (bi,di, ... dn;)) € Qﬁid)(Di). As this is
true for everyp(zo : 5,21 : S1,...,%n 1 Sp) € Lp(X), anddy ; € A;s,,...,dn; € A; 5, range over all
possible values a#, . . ., d, vary due to the fact that; is onto, we can conclude using Theorem 2.1 that
(a;,b;) € Q?is(Dl-). Since each; is reduced we have that = b; for every: € I, and we can conclude
thata = b.

To prove the converse, lét;, &, € Th, be two theories such thdt; C ®,. Consider the reduced
LindenbaumT-valuations?:” and9;?, and letd = Qp(®;) N Qr(P2). We can define &-valuation
¥p = ((Ts(X)|r) /o, [®1]s, [_]a). We have thab, is isomorphic to a subdirect product@f®* andy;->>
by the mappingtly — ([tlap (@) [tlor(@,))- Since MVal (L) is closed under subdirect products and
PP 9r> € MVali (L) we can conclude thaly € MVali(£). S0,0 = Qr(®1) N Qp(Ps) = Qp(P)
and therefore, we can conclude te3¢ 4(®1) C Qr 4(P2). Using Theorem 2.1 we can conclude tdat
is I'-behaviorally protoalgebraic. O

Let us now consider thaf is al'-behaviorally algebraizable with behaviorally equivalalgebraic
semanticsK and defining equation® = {§ ~ ¢ : i € I}. As advanced in [7], one important
consequence of this assumption is that given’ealgebraA < K, and by settingDa = {a € 4, :
8% (a) =r €, (a) for everyi € I}, we can recover a filter such thafa = (A|x, Da) € Matr(L).
Thus, we can reduce thé-valuation?d,,, » = (Alr, Da,h) obtained from each assignmefntover
Mp, and define

MValt g = {9}, » : A € Kandh is an assignment ovell, }.

We can now prove a result relating the behavioral conseguassociated witli and the corresponding
valuation semantics. The result generalizes anotherkmellvn bridge result linking matrix semantics
with traditional algebraization [14].

Theorem 4.2. Let £L = (X,F) be aT-behaviorally algebraizable logic with behaviorally egalent
algebraic semanticK. Then, MVal(L) = MValf. i (£).

Proof:
The fact that MVg} i (£) € MValf.(£) follows easily from the definition of MValy (£).

Let us now prove the other inclusion. Lét= (A, D,h) € MVal(L£). Then, there existd/ =
(B, D’) € Matr(£) and an homomorphistt over M such that) = ¥, ,,. Consider thé°-algebraB®
obtained fromM by settingB°|y, = B, andBS = {[a]ﬂrB(D,) ta € Bq;} andopo = [_]Q?(D/). As an
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easy consequence of the constructiomBsffrom M we have that\f, b’ I ¢ iff B°, 1/ IFY ©(y), for
everyp € Ly (X). From this fact, sinc€ is I'-behaviorally algebraizable, it easily follows tHt < K.
We aim to prove that) = 93, ,,, thus showing that € MValy. x (£). This follows easily after we
prove that\Mg. = M. To prove this we start by recalling thifg. = (B°|s, Do), whereDpgo = {a €
By : 0Bo(a) =r eBo(a) for everys ~ e € O(x : ¢)}. Itis clear that, by constructio°|y; = B. What
remains to be proved is thalg. = D’. Assuming that is I'-behaviorally algebraizable with defining
equation(x : ¢) and equivalence formula&(z : ¢,y : ¢), we have that: 4+ A[©(x)]. Therefore,
sinceM € Matr(£) we have that: € D’ iff Ag(d(a),ep(a)) C D' for everyd = e € O(z : ¢) iff
(0B(a), e (a)) € QF 4(D') for everyd ~ e € O(x : ¢) iff a € Dpo. O

5. Conclusion

We have explored an algebraic based notion of valuation streaarising naturally in semantical con-
siderations in the behavioral approach to the algebraizaif logics, and proposed the class MVal)

of valuations that should be canonically associated withgéclC. The results obtained, which gener-
alize well known properties of matrix semantics and of regumatrix models in traditional algebraic
logic, are intended as a trigger towards the developmentcohaistent algebraic theory of logical val-
uations. That is to say that further meaningful resultstirgaproperties of the class ML) with
properties of the logicC are expected. The references [2, 11, 14, 20], among othdfpravide the
essential guidelines for future work, in this respect. Arttugh analysis of meaningful examples is also
essential. Namely, the lessons learnt from the |@gim [6] suggest the way towards obtaining a general
result that will allow us to construct an algebraic specif@aof MVal}.(£) from an axiomatization of.
The recovery of the non-truth-functional bivaluation seties of C; from the Boolean-based algebraic
valuations obtained by the behavioral algebraization gss@lso suggest that a systematic study of the
Birkhoff-like operations over valuation semantics is galic

Of course, we could also associate a meaningful class dbgeo each logic, by taking advantage
of its valuation semantics, as is done in the traditionairget However, these would necessarily have
to be algebras over the extended signature. Thus, we migbtlste, here, that the difficulties raised
by the fact that the model-theory of behavioral equatioogid remains relatively unexplored (see [18]),
are perhaps a hint that meaningful bridge results might tmplsr to obtain using the more intuitive
valuation semantics proposed in this paper.

Alternatives to the proposed valuation semantics shoglal la¢ carefully inspected. In particular, we
would like to have characterization results for the clasgesluations resulting from non-deterministic
matrices [1], both in the static and dynamic versions, ogtgmg[12], as well as bridges to the classes of
logics that they characterize. We hope to report on theseeaatkd questions in forthcoming papers.

Finally, we should pay attention to the difficulties posedHsyfact thathe valuatioras semantic unit
has a ‘local’ character when contrasted with the ‘globa#iratter of a logical matrix. Indeed, the notion
of valuation semantics we have proposed seems to come ishgetyeral, with respect to the property of
being Laplacian. Notably, in general, the inclusion M) C Val}.(£) is strict. This weakness is also
reflected in the asymmetric development we have given to¢hawioral Suszko and Leibniz operators.
In particular, while the notion of a Leibniz reduced valoatis relatively straightforward, there seems
to be no satisfactory way of defining a Suszko reduced valnatiTherefore, aiming at proving, for
instance, that MVal (L) is always closed under subdirect products, hints us to densi more ‘global’
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notion of model. Namely, it seems that we need to work withrzegalized notion of matrix, defined as
follows: given a signatur& and a subsignaturi of 3, a model consists of a triple given by amatrix
(A, D), aT-matrix (B, F'), and a surjectivd’-homomorphisn : A|r — B satisfying the strictness
condition on the filters, that i) = h~!(F'). Further development of this notion will be the subject of a
forthcoming paper.
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